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 23 May 2007Bristol Algebra and Geometry Seminar
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The set upBuildings
 Supercuspidal representations
 NotationsRepresentation theorySupercuspidal representations
 Notations
 F a locally compact non-archimedean local field, Qp
 with absolute value | · |F ,oF = {x ∈ F : |x |F ≤ 1} its ring of integers, Zp
 pF = {x ∈ F : |x |F < 1} its (unique) maximal ideal, pZp
 kF = oF/pF the residue field, of characteristic p. Fp
 G the group of rational points of a reductive group over F .
 G = GLN(F ), G = Sp2N(F ).
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 F a locally compact non-archimedean local field, Qp
 with absolute value | · |F ,oF = {x ∈ F : |x |F ≤ 1} its ring of integers, Zp
 pF = {x ∈ F : |x |F < 1} its (unique) maximal ideal, pZp
 kF = oF/pF the residue field, of characteristic p. Fp
 G the group of rational points of a reductive group over F .
 G = GLN(F ), G = Sp2N(F ).
 Stevens Supercuspidal representations of p-adic classical groups

Page 6
                        

The set upBuildings
 Supercuspidal representations
 NotationsRepresentation theorySupercuspidal representations
 Parabolic subgroups
 P denotes a parabolic subgroup of G
 P is (conjugate to) block upper triangular
 P = LN, with L ∼= P/N, where
 N is the unipotent radical of P;L is a Levi subgroup of P.
 L is (conjugate to) block diagonal
 If G = GLN(F ) then L ∼=∏r
 i=1 GLNi (F ).
 If G = Sp2N(F ) then L ∼= Sp2N0(F )×
 ∏ri=1 GLNi (F ).
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The set upBuildings
 Supercuspidal representations
 NotationsRepresentation theorySupercuspidal representations
 Smooth representations
 A smooth (complex) representation of G is a pair (π,V), whereV is a complex vector space;π : G→ AutC(V) is a homomorphism;StabG(v) is open, for all v ∈ V.
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 Smooth representations
 A smooth (complex) representation of G is a pair (π,V), whereV is a complex vector space;π : G→ AutC(V) is a homomorphism;StabG(v) is open, for all v ∈ V.
 Example G = GL1(F ) = F×, V = C, AutC(V) = C×.Then a (quasi-)character χ : G → C× is smooth if and only ifker (χ) is open – that is, ker (χ) contains
 UnF = 1 + pn
 F ,
 for some n ≥ 1.
 Stevens Supercuspidal representations of p-adic classical groups
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 Smooth representations
 A smooth (complex) representation of G is a pair (π,V), whereV is a complex vector space;π : G→ AutC(V) is a homomorphism;StabG(v) is open, for all v ∈ V.
 Example G = GL1(F ) = F×, V = C, AutC(V) = C×.Then a (quasi-)character χ : G → C× is smooth if and only ifker (χ) is open – that is, ker (χ) contains
 UnF = 1 + pn
 F ,
 for some n ≥ 1.
 e.g. χ(x) = |x |sF , for s ∈ C, is an unramified character of F×; itis trivial on UF = o×F .
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 Smooth representations
 A smooth (complex) representation of G is a pair (π,V), whereV is a complex vector space;π : G→ AutC(V) is a homomorphism;StabG(v) is open, for all v ∈ V.
 Example G = GLN(F ), V = C, AutC(V) = C×.Then any smooth character is of the form χ◦det , for χ a smoothcharacter of F×.
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 Smooth representations
 A smooth (complex) representation of G is a pair (π,V), whereV is a complex vector space;π : G→ AutC(V) is a homomorphism;StabG(v) is open, for all v ∈ V.
 Example G = GLN(F ), V = C, AutC(V) = C×.Then any smooth character is of the form χ◦det , for χ a smoothcharacter of F×.
 In general, the only irreducible finite-dimensional smooth repre-sentations of G are characters; so all the interesting representa-tions are (countably) infinite-dimensional.
 Stevens Supercuspidal representations of p-adic classical groups

Page 12
                        

The set upBuildings
 Supercuspidal representations
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 Parabolic induction
 If L is a Levi subgroup of G, σ is a smooth representation of Land P = LU is a parabolic subgroup then we can form theparabolically induced representation
 Ind GL,Pσ.
 Example G = GL2(F ).
 If L =
 (∗ 00 ∗
 ), P =
 (∗ ∗0 ∗
 )and σ = 1, then Ind G
 L,P1 has
 a unique proper (irreducible) subrepresentation, namelythe (1-dimensional) trivial representation;a unique proper (irreducible) quotient, namely the(infinite-dimensional) Steinberg representation StG.
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 NotationsRepresentation theorySupercuspidal representations
 Parabolic induction
 Example G = GL2(F ).
 If L =
 (∗ 00 ∗
 ), P =
 (∗ ∗0 ∗
 )and σ = χ1 ⊗ χ2 then
 Ind GL,Pσ is irreducible unless χ1χ
 −12 = 1 or | · |2F ;
 if χ1χ−12 = 1 then Ind G
 L,Pσ has a unique 1-dimensionalsubrepresentation, with irreducible quotient;if χ1χ
 −12 = | · |2F then Ind G
 L,Pσ has a unique irreduciblesubrepresentation, with 1-dimensional quotient.
 The irreducible representations of G obtained in this way (withP the Borel subgroup as above) are called principal seriesrepresentations.
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 In general, if σ is an irreducible representation of a Levisubgroup L, then Ind G
 L,Pσ has a finite composition series.
 An irreducible representation π of G is supercuspidal if it is nota composition factor of any parabolically inducedrepresentation, for L a proper Levi subgroup.
 Transitivity for (the composition factors of) parabolic inductionimplies that
 any irreducible representation of G is a subquotient ofsome Ind G
 L,Pσ, with σ a supercuspidal representation of L.
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 L,Pσ has a finite composition series.
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 Transitivity for (the composition factors of) parabolic inductionimplies that
 any irreducible representation of G is a subquotient ofsome Ind G
 L,Pσ, with σ a supercuspidal representation of L.
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 Smooth representations
 Thus the representation theory of G reduces to:
 Understanding the supercuspidal representations of theLevi subgroups of G;
 (Note that the Levi subgroups are groups of the same“type” as G.)
 Understanding the induction functors Ind GL,P , in particular,
 the reducibility of these functors.
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 Supercuspidal representations
 All known irreducible supercuspidal representations of anygroup G can be obtained as representations which areirreducibly (compactly-)induced from compact-mod-centresubgroups.
 In the case G = GLN(F ), Bushnell–Kutzko proved that allirreducible supercuspidal representations are obtained in thisway. Kim (2006) proved the same for a general group G, withsome restrictive assumptions on the field F .
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 Example G = GL2(F ).K = GL2(oF ) is a maximal compact (open) subgroup of G.
 Its normalizer is K = F×K , a maximal compact-mod-centreopen subgroup of G.The maximal normal pro-unipotent subgroup of K is
 K1 = {g ∈ K : g ≡ I2 (mod pF )} .
 and K/K1 ∼= GL2(kF ).If σ is an irreducible cuspidal representation of GL2(kF ) and σis its inflation to K then:
 σ extends to a representation σ of K ;the induced representation Ind GeK σ is a level-zeroirreducible supercuspidal representation.
 Stevens Supercuspidal representations of p-adic classical groups
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 σ extends to a representation σ of K ;the induced representation Ind GeK σ is a level-zeroirreducible supercuspidal representation.
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 Supercuspidal representations
 Basic principle for constructing a supercuspidal representa-tion π:
 smoothness implies that, for any “small enough” subgroupK of G, π contains the trivial representation 1K of K ;
 Stevens Supercuspidal representations of p-adic classical groups

Page 23
                        

The set upBuildings
 Supercuspidal representations
 NotationsRepresentation theorySupercuspidal representations
 Supercuspidal representations
 Basic principle for constructing a supercuspidal representa-tion π:
 smoothness implies that, for any “small enough” subgroupK of G, π contains the trivial representation 1K of K ;
 take the largest such K and look at subgroups K ′
 containing K ; then π contains some irreduciblerepresentation ρ′ such that ρ′|K contains 1K ;
 e.g. if K ′/K is abelian, then ρ′ is a character.
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 Basic principle for constructing a supercuspidal representa-tion π:
 step-by-step, make K ′ as large as possible, while still beingable to understand ρ′; extend to K ′ = NG(ρ′) and induce.
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 Basic principle for constructing a supercuspidal representa-tion π:
 step-by-step, make K ′ as large as possible, while still beingable to understand ρ′; extend to K ′ = NG(ρ′) and induce.
 Provided the intertwining
 IG(ρ′) ={
 g ∈ G : Hom K ′∩gK ′(ρ′, gρ′) 6= 0}
 is contained in K ′, Mackey’s criterion guarantees that weobtain an irreducible supercuspidal representation.
 Stevens Supercuspidal representations of p-adic classical groups

Page 26
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Outline
 1 The set up
 2 Buildings
 3 Supercuspidal representations
 Stevens Supercuspidal representations of p-adic classical groups

Page 27
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Buildings
 The Bruhat–Tits (enlarged) affine building B(G) of G is somegeometric object on which G acts.
 It is made up of apartments, which are affine spaces over Rglued together in some way.
 It also has a simplicial structure.
 G = SL2(Q3): an apartment is a line:
 Stevens Supercuspidal representations of p-adic classical groups
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 The Bruhat–Tits (enlarged) affine building B(G) of G is somegeometric object on which G acts.
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 G = SL2(Q3): an apartment is a line:
 Stevens Supercuspidal representations of p-adic classical groups

Page 29
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Buildings
 G = SL2(Q3): the building is a tree, where each vertex hasvalency 4:
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Buildings
 G = Sp4(F ): an apartment is a plane:
 The apartments are glued together along lines.Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Filtrations
 Given x ∈ B(G), the stabilizer Gx is a compact open subgroupof G. It depends only on the facet containing x .
 Gx also comes with a (left-continuous) filtration by normal opensubgroups:
 (Gx ,r : r ∈ R≥0)
 such that[Gx ,r ,Gx ,s] ⊆ Gx ,r+s;⋂
 r≥0 Gx ,r = {1}.
 We also writeGx ,r+ =
 ⋃s>r
 Gx ,s
 so Gx ,r+ 6= Gx ,r iff r is a point of discontinuity of r 7→ Gx ,r .
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Example G = Sp4(F )
 If x = • then Gx is (conjugate to)
 Sp4(oF )
 and, for r > 0,
 Gx ,r ={
 g ∈ Sp4(oF ) : g ≡ 1 modpdreF
 }.
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
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 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Example G = Sp4(F )
 If x = • then Gx is (conjugate to)
 oF oF p−1
 F
 pF oF oF
 pF pF oF
 ∩G.
 Gx ,r =
 1 +
 pdreF p
 dr− 12 e
 F pdre−1F
 pdr+ 1
 2 eF p
 dreF p
 dr− 12 e
 F
 pdre+1F p
 dr+ 12 e
 F pdreF
 ∩G.
 Stevens Supercuspidal representations of p-adic classical groups

Page 35
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Characters
 There are also filtrations gx ,r on the Lie algebra g of G, forr ∈ R.
 Pontrjagin duality gives a G-equivariant bijection:
 gx ,−r/gx ,− r2−→
 {characters of Gx , r
 2 +/Gx ,r+
 }.
 β + gx ,− r27−→ ψβ
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Notation
 From now onG is either GLN(F ) or a classical group: a unitary,symplectic or special orthogonal group;if G is a classical group then p 6= 2.
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Semisimple elements
 Let β ∈ g be semisimple and put C = CG(β), the stabilizer of βfor the adjoint action of G. C is a product of (restrictions ofscalars to F0 of) classical and general linear groups.
 We say β is simple if Z (C)/Z (G) is compact.
 For G = GLN(F ), β is simple if and only if F [β] is a field.
 For G = Sp2N(F ), β is simple if and only if F [β] =⊕l
 j=1 Ei is adirect sum of fields, each of which is stable under but, apartfrom at most one exception Ei = F , not fixed by the involutiondefining G.
 Stevens Supercuspidal representations of p-adic classical groups

Page 38
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Semisimple elements
 Let β ∈ g be semisimple and put C = CG(β), the stabilizer of βfor the adjoint action of G. C is a product of (restrictions ofscalars to F0 of) classical and general linear groups.
 We say β is simple if Z (C)/Z (G) is compact.
 For G = GLN(F ), β is simple if and only if F [β] is a field.
 For G = Sp2N(F ), β is simple if and only if F [β] =⊕l
 j=1 Ei is adirect sum of fields, each of which is stable under but, apartfrom at most one exception Ei = F , not fixed by the involutiondefining G.
 Stevens Supercuspidal representations of p-adic classical groups

Page 39
                        

The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Embeddings of buildings
 Proposition (Broussous, S.)There is a C-equivariant embedding of buildings
 j = jβ : B(C) ↪→ B(G)
 which is affine and such that, for all x ∈ B(C) and r ≥ 0,
 Cx ,r = Gj(x),r ∩ C.
 If β is simple then j is unique.
 The proof is based on an explicit description of the building interms of lattice sequences (equivalent to the description ofBruhat–Tits in terms of norms).
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Examples G = Sp4(F )
 If
 β =
 0 1 0 0$ 0 0 00 0 0 −10 0 −$ 0
 , for $ a uniformizer of F ,
 then E = F [β] is a ramified quadratic extension of F and
 C ' U(1,1)(E/F ).
 Stevens Supercuspidal representations of p-adic classical groups
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 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Examples
 An apartment of
 U(1,1)(E/F )
 with E/F ramified,embedded into anapartment of Sp4(F ).
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 (Definitions and) examplesFiltrations and charactersEmbeddings of buildings
 Examples
 An apartment of
 U(1,1)(E/F )
 with E/F unramified,embedded into anapartment of Sp4(F ).
 Stevens Supercuspidal representations of p-adic classical groups
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 1 The set up
 2 Buildings
 3 Supercuspidal representations
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Basic data
 The basic datum is a pair (β, x) whereβ ∈ g and kF (β) < 0.x ∈ B(C), where C = CG(β).
 Using the embedding of buildings j : B(C) ↪→ B(G), we definecompact open subgroups H = Hβ,x and J = Jβ,x , togetherwith filtrations
 H r = H ∩Gx ,r , etc.;
 a set C(x , β) of semisimple characters θ of H0+.
 The main points of the definition of θ are:θ restricts to ψβ on Gx , r
 2 +;
 θ is intertwined by all of C.
 Stevens Supercuspidal representations of p-adic classical groups
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 The main points of the definition of θ are:θ restricts to ψβ on Gx , r
 2 +;
 θ is intertwined by all of C.
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Properties of semisimple characters
 Semisimple characters have some remarkable functorialproperties:
 Fix β and let x , x ′ ∈ B(C). There is a canonical bijection (calledthe transfer)
 C(x , β) ←→ C(x ′, β).
 θ ↔ θ′ if and only if θ, θ′ coincide where they are both defined.
 [Bushnell–Kutzko for simple characters of GLN , S. in general.]
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Properties of semisimple characters
 Semisimple characters have some remarkable functorialproperties:
 We can even change groups: suppose G′ ⊂ AutF (V ′) is a groupof the same type as G, and
 ϕ : F [β] ↪→ EndF (V ′)
 is an embedding with β′ = ϕ(β) ∈ g′. Put C′ = CG′(β′).
 Then, for x ∈ B(C) and x ′ ∈ B(C′), there is a canonical bijection
 C(x , β) ←→ C(x ′, β′).
 [Bushnell–Kutzko for simple characters of GLN , S. in general.]
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Properties of semisimple characters
 Semisimple characters have some remarkable functorialproperties:
 Simple characters for GLN behave well under a tame change inthe base field F .
 [Bushnell–Henniart]
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Properties of semisimple characters
 Semisimple characters have some remarkable functorialproperties:
 Simple characters for GLN behave well under a tame change inthe base field F .
 [Bushnell–Henniart]
 If D is a central F -division algebra of dimension d2 then we canalso define simple characters for GLm(D). If N = md then thereare bijections between simple characters for GLm(D) and forGLN(F ).
 [Secherre]
 Stevens Supercuspidal representations of p-adic classical groups
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 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Semisimple characters
 Theorem (Bushnell–Kutzko for GLN , S. for classical groups)
 Let π be an irreducible supercuspidal representation of G. Thenπ contains a simple character.
 The same is also true for GLm(D). [Secherre–S.]
 Theorem (Dat, 2006)Let π be an irreducible representation of G. Then π contains asemisimple character.
 Stevens Supercuspidal representations of p-adic classical groups
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 Semisimple characters
 Theorem (Bushnell–Kutzko for GLN , S. for classical groups)
 Let π be an irreducible supercuspidal representation of G. Thenπ contains a simple character.
 The same is also true for GLm(D). [Secherre–S.]
 Theorem (Dat, 2006)Let π be an irreducible representation of G. Then π contains asemisimple character.
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 ConstructionsSemisimple charactersSupercuspidals
 Semisimple characters
 The ideas of the proofs are all broadly similar: we know that πcontains some θ|Hm+ , for large m and then decrease mstep-by-step (in some discrete subset of Q).
 The transfer of (semi)simple characters is crucial in thisrefinement process, as we need to be able to move around thebuilding (i.e. the basic data changes) but still know that πcontains our characters.
 Stevens Supercuspidal representations of p-adic classical groups
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The set upBuildings
 Supercuspidal representations
 ConstructionsSemisimple charactersSupercuspidals
 Construction of supercuspidals
 From now on, G is a classical group,β is simple, andx ∈ B(C) is a vertex.
 Let θ ∈ C(x , β).
 There is a unique irreducible representation η of J0+ whichcontains θ (a Heisenberg extension).
 For each pro-p-Sylow subgroup J of J, there is a uniqueirreducible representation η of J which extends η and isintertwined by all of C.
 There is an extension κ of η to J.
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 Construction of supercuspidals
 Now J/J0+ ' Cx/Cx ,0+ is a product of finite reductive groups.
 Let σ be a cuspidal representation of Cx/Cx ,0+, and σ itsinflation to J.
 Put λ = κ⊗ σ, an irreducible representation of J.
 Theorem (S. 2006)
 The induced representation Ind GJ λ is irreducible and
 supercuspidal. Moreover, all irreducible supercuspidalrepresentations of G arise from such a construction
 There are similar theorems for GLN(F ) [Bushnell–Kutzko] andGLm(D) [Secherre–S. 2006].
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p-adic numbers
 Let p be a prime number. Define an absolute value | · |p on therationals Q by∣∣∣pn a
 b
 ∣∣∣p
 = p−n, gcd (ab,p) = 1.
 This satisfies the ultrametric inequality:
 |x + y |p ≤ max {|x |p, |y |p} , x , y ∈ Q.
 Completing Q with respect to this absolute value, we get Qp,the field of p-adic numbers.
 More generally, a p-adic field is either a finite extenion of Qp, ora field Fq(($)) of Laurent series in one variable.
 A p-adic field F is locally compact and totally disconnected.Back
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Cuspidal representations of GL2(kF )
 G = GL2(kF ), N =
 (1 ∗0 1
 ), Z = Z (G).
 Let k/kF be a quadratic extension and let E be a copy of k×
 embedded in G.
 Let θ be a nondegenerate character of E ; that is
 θ 6= θq, where q = #kF .
 Let ψ be any non-trivial character of N and define a characterψθ of ZN by
 ψθ(zn) = θ(z)ψ(n), for z ∈ Z,n ∈ N .
 Then the virtual representation
 Ind GZNψθ − Ind G
 Eθ
 is an irreducible cuspidal representation of G. Back
 Stevens Supercuspidal representations of p-adic classical groups
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