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ON THE COHOMOLOGY OF RAPOPORT-ZINK SPACES OFHODGE TYPE
 SERIN HONG
 Abstract. We prove the conjecture of Harris on the cohomology of Rapoport-Zinkspaces for unramified reductive groups, under the “Hodge-Newton decomposibility”assumption. Our proof is based upon Mantovan’s previous result for EL/PEL cases,combined with the “EL realization” of our Rapoport-Zink spaces.
 Contents
 1. Introduction 1
 2. Notations and Preliminaries 4
 3. p-divisible groups with G-structure 6
 4. Rapoport-Zink spaces of Hodge type 10
 5. Harris conjecture for Rapoport-Zink spaces of Hodge type 14
 References 22
 1. Introduction
 Rapoport-Zink spaces are formal moduli spaces of p-divisible groups with additionalstructures induced by a connected reductive group G over Qp. These spaces satisfymany local analogues of the properties of Shimura varieties. For example, they comewith rigid analytic towers over the generic fibre which are euipped with a Weil descentdatum and the action of G(Qp). The construction of such spaces were first given byRapoport and Zink in [RZ96] forG = GLn and for EL/PEL cases, and recently extendedto general unramified cases by Kim in [Kim13].
 It has been widely believed that the l-adic cohomology of Rapoport-Zink spacesprovides a geometric realization of local Langlands correspondences. Along this lineis a famous conjecture by Harris in [Har01], which states that the l-adic cohomologyof non-basic Rapoport-Zink spaces can be realized as a parabolic induction of the l-adic cohomology of the corresponding basic spaces. For G = GLn, a special case ofthe conjecture was already known due to the work of Boyer in [Boy99], and played animportant role in the proof of the local Langlands correspondence by Harris and Taylorin [HT01].
 The primary purpose of this paper is to prove Harris’s conjecture for general reductivegroups, under a certain decomposibility assumption regarding the Newton polygonand the Hodge polygon. A similar assumption is made in Mantovan’s beautiful paper
 1
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2 SERIN HONG
 [Man08], where the conjecture is proved for many EL/PEL cases. Following Mantovan’sstrategy, we will construct an analogue of Rapoport-Zink spaces associated to a specifiedparabolic subgroup, and compare its l-adic cohomology with the l-adic cohomologyof the other spaces. The construction of this new space will be based on the localembedding of G into a group of EL type, constructed by the author in [Hong16].
 For explanation of our result in more detail, we need some notations. We takek = Fp, W the ring of Witt vectors over Fp, and K0 = W [1/p]. We will assume thatour connected reductive group G over Qp is unramified, i.e., it is quasi-split and splitover a finite unramifed extension of Qp. This allows us to choose a Zp-model of G,which will be also denoted by G. We also fix an embedding G → GL(Λ) for some fixedfinite free Zp-module Λ.
 Given an element b ∈ G(K0), we take X to be the p-divisible group corresponding tothe Dieudonne module M := Λ ⊗Zp W with the Frobenius map F = b (1 ⊗ σ). Ourgroup G gives a finite family of F -invariant tensors (ti)i∈I on M (see 3.1.1 for details).We will refer the pair X = (X, (ti)) as a p-divisible group with G-structure. Such anobject comes with a generalized notion of the Newton polygon and the (σ-invariant)Hodge polygon.
 In our study, we will prove Harris’s conjecture under the assumption that X is ofHodge-Newton type. This assumption implies that the Newton polygon and the σ-invariant Hodge polygon of X have a nontrivial contact point x. The specified contactpoint divides the Newton polygon ν into two parts ν1 and ν2 where the slopes of ν1 areless than the slopes of ν2, and similarly divide the σ-invariant Hodge polygon µ intotwo parts µ1 and µ2. Then X admits a decomposition
 X = X1 ×X2
 where X1 and X2 are p-divisible groups with tensors induced by a specified Levi sub-group L of G such that the Newton polygon (resp. σ-invariant Hodge-polygon) of Xj
 is νj (resp. µj).
 To the pair (X,G), we have an associated Rapoport-Zink space RZX,G. By construc-tion, RZX,G is a formal scheme over Spf (W ), which is formally smooth and formally
 locally of finite type. We thus get a rigid analytic generic fibre RZrigX,G, over which we
 construct a tower of etale covers RZ∞X,G := RZKpX,G where Kp runs over open compact
 subgroups of G(Zp). This tower is equipped with a Weil descent datum over the localreflex field E and the action of G(Qp) and Jb(Qp), where
 Jb(Qp) = g ∈ G(K0) : σ(g) = b−1gb.Hence for each integer i > 0, the cohomology groups
 H i(RZKpX,G) = H i
 c(RZKpX,G ⊗K0
 K0,Ql(dim RZKpX,G))
 fit into a tower H i(RZKpX,G) with a natural action of G(Qp)×WE×Jb(Qp), where WE
 is the Weil group of the local reflex field E. For an l-adic admissible representation ρof Jb(Qp), we define a virtual representation of G(Qp)× Jb(Qp)
 H•(RZ∞X,G)ρ :=∑i,j≥0
 (−1)i+j lim−→Kp
 ExtjJb(Qp)(Hi(RZ
 KpX,G), ρ).
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ON THE COHOMOLOGY OF RAPOPORT-ZINK SPACES OF HODGE TYPE 3
 Now we can state our main result as follows:
 Theorem 1. Suppose that X is of Hodge-Newton type, associated with a parabolicsubgroup P and its Levi subgroup L of G. For any admissible Ql-representation ρ ofJ(Qp), We have an equality of virtual representations of G(Qp)×WE:
 H•(RZ∞X,G)ρ = IndG(Qp)
 P (Qp H•(RZ∞X,L)ρ.
 In particular, the virtual representation H•(RZ∞X,G)ρ contains no supercuspidal repre-sentations of G(Qp).
 Let us point out that our proof verifies a strong form of Harris’s conjecture. More pre-
 cisely, our proof shows that the individual cohomology groups H i(RZKpX,G) are parabol-
 ically induced, as Mantovan did in [Man08].
 We briefly sketch the proof of theorem. We begin with an embedding of G into agroup of EL type
 G → G
 constructed in [Hong16]. Using this embedding, we construct an analogue of Rapopor-Zink space for the parabolic subgroup P from the corresponding space for the parabolicsubgroup P of G such that P = P ∩G. Note that the latter space was constructed byMantovan in [Man08].
 This space, denoted by RZX,P , satisfies many analogous properties to the properties
 of Rapoprt-Zink spaces. In particular, we can construct a tower RZ∞X,P := RZKp′
 X,Pover its rigid analytic generic fibre where Kp
 ′ runs over open compact subgroups ofP (Zp), and define a virtual representation of P (Qp)×WE
 H•(RZ∞X,P )ρ :=∑i,j≥0
 (−1)i+j lim−→Kp′
 ExtjJb(Qp)(Hi(RZ
 Kp′
 X,P ), ρ)
 from its l-adic cohomology groups.
 The key point of the proof is that this space fits into a diagram
 RZrigX,P
 RZrigX,L RZrig
 X,G
 π1
 s
 π2
 such that
 (1) s is a closed immersion;(2) π1 is a fibration in balls;(3) π2 is an isomorphism.
 Then we deduce the theorem by comparing the cohomologies of the spaces RZX,L andRZX,G with the cohomology of RZX,P .
 We now give an overview of the structure of this work. In section 2, we introducegeneral notations and recall some group theoretic preliminaries. In section 3, we review
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 the theory of p-divisibie groups with G-structure. In secion 4, we review Kim’s con-struction of Rapoport-Zink spaces for general unramified reductive groups. In section5, after describing our assumption in detail with some results from [Hong16], we stateand prove our main theorem.
 Acknowledgements. I would like to express my deepest gratitude to Elena Mantovan.This study would’ve never been possible without her previous work for EL/PEL casesand her numerous helpful suggestions.
 2. Notations and Preliminaries
 2.1. General notations.
 Throughout this paper, k is an algebraically closed field of positive characteristic p.We will write W for the ring of Witt vectors over k, and K0 for its quotient field. Wewill let σ denote the Frobenius automorphism over k, and also its lift to W and K0.
 Let R be a ring. For any R-module Λ and an R-algebra R′, we write ΛR′ := Λ⊗RR′.Similarly, if S is a scheme over SpecR, then for any ring homomorphisms R → R′ wewrite SR′ := S ×SpecR SpecR′.
 When R is a Notherian ring and Λ is a free R-module of finite rank, we denote by Λ⊗
 the direct sum of all the R-modules which can be formed from Λ using the operationsof taking duals, tensor products, symmetric powers and exterior powers. Note that wehave a natural identification Λ⊗ ' (Λ∗)⊗ where Λ∗ is the dual R-module of Λ. Any
 isomorphism Λ∼→ Λ′ of free R-modules of finite rank naturally induces an isomorphism
 Λ⊗∼→ (Λ′)⊗. An element of Λ⊗ is called a tensor over Λ.
 Let X be a p-divisible group over a Zp-scheme S. We will denote by D(X) the(contravariant) Dieudonne module of X, and by F the Frobenius map on D(X). Wehave a filtration (LieX)∗ ∼= Fil1(D(X)S) ⊂ D(X)S, called the Hodge filtration of X.
 Let X ′ be another p-divisible group over S. By a quasi-isogeny from X to X ′, wemean an element in Hom(X,X ′) ⊗Z Q. A quasi-isogeny is called an isogeny if it is amap of p-divisible groups.
 2.2. Group theoretic preliminaries.
 2.2.1. Let G be a connected reductive group over Qp. We will always assume that G isunramified, which means that the following equivalent conditions hold:
 (i) G is quasi-split and split over a finite unramified extension of Qp;(ii) G admits a reductive model over Zp.
 Throughout this paper, we fix the following data associated to G:
 • a reductive model GZp over Zp,• a Borel subgroup B and a maximal torus T which are both defined over Zp,• a closed embedding GZp → GL(Λ) where Λ is a free Zp-module of finite rank.
 We will often write G = GZp if there is no risk of confusion.
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ON THE COHOMOLOGY OF RAPOPORT-ZINK SPACES OF HODGE TYPE 5
 Proposition 2.2.2 (cf. [Ki10], 2.3.8.). There exists a finite family of tensors (si)i∈I onΛ such that G is the pointwise stabilizer of the si; i.e., for any Zp-algebra R we have
 G(R) = g ∈ GL(ΛR) : g((si)R) = (si)R for all i ∈ I.
 2.2.3. We let (X∗(T ),Φ, X∗(T ),Φ∨) denote the associated root datum, and Ω the as-sociated Weyl group. Our choice of B determines a set of positive roots and a set ofpositive coroots. Recall that there is a natural action of the group Ω on X∗(T ) (resp.X∗(T )). The dominant cocharacters (resp. dominant characters) form a full set ofrepresentatives for the orbits X∗(T )/Ω (resp. X∗(T )/Ω).
 Let R be a Zp-algebra and µ : Gm → GR be a cocharacter. We denote by µ theG(R)-conjugacy class of µ. Using the natural identifications Ω ∼= NG(T )(R)/T (R) andX∗(T ) ∼= HomR(Gm, TR), we get a bijection between X∗(T )/Ω and the set of G(R)-conjugacy classes of cocharacters for GR. When R = W , we have another bijection
 HomW (Gm, GW )/G(W ) ∼= HomK0(Gm, GK0)/G(K0)∼→ G(W )\G(K0)/G(W )
 induced by µ 7→ G(W )µ(p)G(W ); in fact, the first bijection comes from the fact thatG is split over W , whereas the second bijection is the Cartan decomposition.
 2.2.4. We say that a grading gr•(ΛR) is induced by µ if the following conditions aresatisfied:
 (i) the Gm-action on ΛR via µ leaves each grading stable;(ii) the resulting Gm-action on gri(ΛR) is given by
 Gmz 7→z−i−−−−→ Gm
 z 7→z·id−−−−→ GL(gri(ΛR)).
 Let S be an R-scheme, and E a vector bundle on S. For a finite family of globalsections (ti) of E ⊗, we define the following scheme over S
 PS := IsomOS
 ([E , (ti)], [Λ⊗R OS, (si ⊗ 1)]
 ).
 In other words, PS classifies isomorphisms of vector bundles E ∼= Λ⊗ROS over S whichmatch (ti) and (si ⊗ 1).
 Let Fil•(E ) be a filtration of E . When PS is a trivial G-torsor, we say that Fil•(E )is a µ-filtration with respect to (ti) if there exists an isomorphism E ∼= Λ ⊗R OS,matching (ti) and (1 ⊗ si), which takes Fil•(E ) to a filtration of Λ ⊗R OS induced bygµg−1 for some g ∈ G(R). More generally, when PS a G-torsor, we say that Fil•(E ) isa µ-filtration with respect to (ti) if it is etale-locally a µ-filtration.
 2.3. Affine Deligne-Lusztig sets.
 2.3.1. Consider b ∈ G(K0) and a cocharacter µ : Gm → GW . We denote by B(G) theset of all σ-conjugacy classes in G(K0). We write [b]G, or simply [b] if there is no riskof confusion, for the σ-conjugacy class of b ∈ G(K0).
 We define the affine Deligne-Lusztig set associated to b and µ by
 XGµ(b) := g ∈ G(K0)/G(W )|g−1bσ(g) ∈ G(W )µ(p)G(W ).
 The left multiplication by h ∈ G(K0) induces a bijection XGµ(h
 −1bσ(h))∼−→ XG
 µ(b).
 Moreoever, the set G(W )µ(p)G(W ) only depends on the conjugacy class of µ as noted
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 in 2.2.3. Therefore the affine Deligne-Lusztig set XGµ(b) depends only on the tuple
 (G, [b], µ) up to bijection.
 The following lemma is an immediate consequence of the definition.
 Lemma 2.3.2. Let G′ be another connected reductive group over Zp.(1) For b′ ∈ G′(K0) and a cocharacter µ′ : Gm → G′W , we have an isomorphism
 XG×G′µ,µ′(b, b
 ′)∼−→ XG
 µ(b)×XG′
 µ′(b′).
 (2) Let f : GW → G′W be a homomorphism. Then we have a natural map
 XGµ(b) −→ XG′
 fµ(f(b))
 induced by gG(W ) 7→ f(g)G′(W ). If f is a closed immersion, the induced mapis injective.
 3. p-divisible groups with G-structure
 We briefly review the theory of p-divisible groups with additional structures that areinduced by G.
 3.1. Definitions and basic notions.
 3.1.1. Write M := ΛW . Given b ∈ G(K0), define F to be the semi-linear map on Mwhose linearization is b. Then M = Λ ⊗Zp W is equipped with F -invariant tensors(ti) := (si⊗1). Let X be the p-divisible group corresponding to the Dieudonne moduleM with Frobenius map F . We will consider X := (X, (ti)) as a p-divisible group withadditional structures encoded by the tensors (ti). These additional structures will bereferred to as G-structure since the tensors (ti) = (si ⊗ 1) are determined by G in thesense of Proposition 2.2.2. We will sometimes write XG instead of X if we need tospecify the group that induces the tensors.
 One can prove that [b] uniquely determines the isogeny class of X, or equivalentlythe isomorphism class of F -isocrystal M [1/p] with G-structure (see [RR96], 3.4.).
 3.1.2. We define the Newton set of G by
 N (G) := (Int G(K0)\HomK0(D, G))〈σ〉
 where D is the pro-algebraic torus with character group Q. With our fixed Borelsubgroup B ⊆ G and a maximal torus T ⊆ G, we can write
 N (G) = (X∗(T )Q/Ω)〈σ〉.
 In [Ko85], Kottwitz introduced the Newton map of G
 νG : B(G)→ N (G).
 We refer the readers to [Ko85], §4 or [RR96], §1 for its definition. The newton mapinduces a natural transformation of set-valued functors on the category of connectedreductive groups
 ν : B(·)→ N (·).
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 The element νG([b]) ∈ N (G) is called the Newton point of X.
 3.1.3. One can show that there exists a unique G(W )-conjugacy class of cocharactersµ such that the Hodge filtration of X is a µ-filtration. (see [Kim13], 2.5.8.). Al-ternatively, µ is uniquely determined by the condition b ∈ G(W )µ(p)G(W ). Letµ ∈ X∗(T ) be a unique dominant cocharacter which represents µ (see 2.2.3.). Weidentify µ with its image in X∗(T )/Ω and define
 µ :=1
 m
 m−1∑i=0
 σi(µ) ∈ N (G),
 for some integer m such that σm(µ) = µ. We will refer to this element as the σ-invariant Hodge point of X. We will sometimes write µG in order to indicate that µ isa cocharacter of G.
 We have a partial order on N (G) defined as follows. First we define a partial order1 on X∗(T )R so that α 1 α
 ′ if and only if α′−α is a nonnegative linear combinationof positive coroots. We may identify the set X∗(T )R/Ω with the closed Weyl chamberC, so we get a partial order 2 on X∗(T )R/Ω by restricting 1 to C. The partial order is defined as the restriction of 2 to (X∗(T )Q/Ω)〈σ〉.
 With this partial order, we have a generalized Mazur’s inequality
 νG([b]) µ.
 We say that X is µ-ordinary if the equality holds in the above inequality.
 Example 3.1.4. (i) If G = GLn, we may choose (si) to be empty. Hence X is simplya p-divisible group X of hegith n (with no additional structures).
 Take T to be the diagonal torus and B to be the Borel subgroup of lower triangularmatrices. Using the identification X∗(T ) ∼= Zn we may write
 N (G) = (r1, r2, · · · , rn) ∈ Qn : 0 ≤ r1 ≤ r2 ≤ · · · ≤ rn,which can be regarded as a set of convex polygons with rational slopes. The partialorder on N (G) agrees with the usual “lying above” order.
 The two polygons νG([b]) and µ coincide with the classical Newton polygon andthe Hodge polygon of X, respectively. Hence the inequality νG([b]) µ becomes theclassical Mazur’s inequality, and the notion of µ-ordinariness agrees with the classicalnotion of ordinariness.
 (ii) If G = GSp2n, the tensors (ti) encode a polarization on X.
 The embedding G → GL2n induces an injective map
 N (G) → N (GL2n)
 The image of N (G) corresponds to the set of “symmetric polygons” in N (GL2n). Underthis map, we identify the two elements νG([b]) and µ of N (G) with the classical Newtonpolygon and the Hodge polygon of X, respectively. Then, as in (i), the inequalityνG([b]) µ becomes the classical Mazur’s inequality, and the notion of µ-ordinarinessagrees with the classical notion of ordinariness.
 (iii) Consider G = ResO|ZpGLn, the Weil restriction of GLn, where O is a finiteetale extension of Zp. In this case, the tensors (ti) encode an action of O on X (or
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 equivalently, on M). This additional structure will be usually referred as O-structureor O-module structure.
 Similarly to (i), we have an identification
 N (G) = (r1, r2, · · · , rn) ∈ Qn : 0 ≤ r1 ≤ r2 ≤ · · · ≤ rn.The partial order on N (G) agrees with the usual “lying above” order.
 We may regard the Newton point νG([b]) and the σ-invariant Hodge point µ as convexpolygons with rational slopes using the above identification. The polygon νG([b]) isclosely related to the Newton polygon of X as follows: a slope λ appears in νG([b]) withmultiplicity α if and only if it appears in the Newton polygon of X with multiplicitymα, where m is the degree of extension of O over Zp. However, the same relationshipgenerally fails to hold between the polygon µ and the Hodge polygon of X. As a result,the notion of µ-ordinariness and the classical notion of ordinariness do not agree ingeneral.
 3.1.5. Let us now give a moduli interpretation of the affine Deligne-Lusztig set XGµ(b)
 in terms of quasi-isogenies of p-divisible groups with G-structure.
 For gG(W ) ∈ XGµ(b), the element b′ := g−1bσ(g) in G(K0) give rise to a pair
 X ′ = (X ′, (t′i)) as in 3.1.1. We also obtain a quasi-isogeny ι : X → X ′ corresponding to
 D(X ′)[1/p] ∼= Λ⊗Zp K0g−→ Λ⊗Zp K0
 ∼= D(X)[1/p]
 which matches (ti) with (t′i). The isomorphism class of the tuple (X, (t′i), ι) is indepen-dent of the choice of a representative g.
 This association gives a bijection from XGµ(b) to the set of isomorphism classes of
 tuples (X ′, (t′i), ι) which satisfy the following conditions:
 (i) X ′ is a p-divisible group over k with an isomorphism η : D(X ′) ∼= Λ⊗Zp W ,(ii) (t′i) is a family of F -invariant tensors on D(X ′) which is mapped to (si ⊗ 1) by
 η such that the Hodge filtration of X ′ is a µ-filtration,
 (iii) ι : X → X ′ is a quasi-isogeny which induces an isomorphism D(X ′)[1/p]∼→
 D(X)[1/p] that matches (t′i) and (ti).
 3.2. Deformation theory for p-divisible groups with G-structure.
 In this subsection, we review the construction of the “universal” deformation of p-divisible groups with G-structure, given by Faltings in [Fal99], §7. Readers may find amore detailed discussion of these results in [Mo98], §4.
 3.2.1. Let R be a formally smooth W -algebra R of the form R = W [[u1, · · · , uN ]] orR = W [[u1, · · · , uN ]]/(pm). We have a lift of Frobenius map on R, also denoted by σ,defined by σ(ui) = upi .
 By a filtered Dieudonne module over R, we mean a 4-tuple (M ,Fil1(M ),∇, F ) where
 • M is a free R-module of finite rank;• Fil1(M ) ⊂M is a direct summand;
 • ∇ : M −→M⊗ΩR/W is an integrable, topologically quasi-nilpotent connection;• F : M −→M is a σ-linear endomorphism,
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 which satisfy the following conditions:
 (i) F induces an isomorphism(M + p−1Fil1(M )
 )⊗R,σ R
 ∼−→M , and
 (ii) Fil1(M )⊗R (R/p) = Ker(F ⊗ σR/p : M ⊗R (R/p) −→M ⊗R (R/p)
 ).
 Proposition 3.2.2 ([Mo98], 4.1.). There exists an anti-equivalence between the categoryof p-divisible groups over R and the category of filtered Dieudonne modules over R.
 3.2.3. We retain the notations from 3.1. Let CW be the category of artinian local W -algebra with residue field k. We define a deformation or lifting of X over R ∈ CW tobe a p-divisible group X over R with an isomorphism α : X ⊗R k ∼= X. We also definea functor DefX : CW → Sets by setting DefX(R) to be the set of isomorphism classesof deformations of X over R.
 Let us first assume that G = GL(Λ). Our choice of the cocharacter µ : Gm →GLW (M) determines a splitting of the Hodge filtration Fil1(M) ⊂M . The stablizer ofthe complement of Fil1(M) is a parabolic subgroup. We let Uµ be its unipotent radical,and Rµ
 GL be the completed local ring of Uµ at the identity element. Then RµGL is a
 formal power series ring over W , so we have a lift of Frobenius map on RµGL as in 3.2.1.
 Proposition 3.2.4 ([Fal99], §7). Consider
 M := M ⊗W RµGL, Fil1(M ) := Fil1(M)⊗W Rµ
 GL, FM := u−1t (F ⊗W σ),
 where ut is the tautological RµGL-point of Uµ.
 (1) There exists a unique topologically quasi-nilpotent connection ∇ : M −→M ⊗ΩR/W which is integrable and commutes with FM .
 (2) If p > 2, the filtered Dieudonne module (M ,Fil1(M ),∇, FM ) corresponds to theuniversal deformation of X via the anti-equivalence in Proposition 3.2.2.
 We will write X µGL for the universal deformation of X.
 3.2.5. Let us now consider the general case so that X is equipped with tensors (ti).Take Uµ
 G := Uµ ∩ GW , which is a smooth unipotent subgroup of GW . Let RµG be the
 completed local ring of UµG at the identity element. Then Rµ
 G is a formal power seriesring over W , so we get a lift of Frobenius map to Rµ
 GL as in 3.2.1. Alternatively, we getthis lift from the lift on Rµ
 GL via the surjection RµGL Rµ
 G.
 As in Proposition 3.2.4, we have a tautological RµG-point ut of Uµ
 G. We set
 MG := M ⊗W RµG, Fil1(MG) := Fil1(M)⊗W Rµ
 G, FMG:= u−1
 t (F ⊗W σ).
 The connection ∇ : M −→ M ⊗ ΩR/W from Proposition 3.2.4 induces an integrable,
 topologically quasi-nilpotent connection ∇G : MG −→ MG ⊗ ΩR/W , which commuteswith FM by construction. We thus have a filtered Dieudonne module over Rµ
 G given by(MG,Fil1(MG),∇G, FMG
 ) .
 Note that MG is equipped with a family tensors (tunivi ) := (ti ⊗ 1), whose pointwise
 stabilizer is isomorphic to GRµG. It is clear from this construction that the tensors (tuniv
 i )
 are FM -invariant and lie in the 0th filtration with respect to Fil1(MG).
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 Let X µG be the p-divisible group over Rµ
 G which corresponds to the filtered Dieudonnemodule (MG,Fil1(MG),∇G, FMG
 ) via the anti-equivalence in Proposition 3.2.2. Alter-natively, one can simply define X µ
 G as the pull-back of X µGL over Rµ
 G. Then X µG is the
 universal deformation of (X, (ti)) in the following sense:
 Proposition 3.2.6 ([Fal99], §7). Assume that p > 2. Let R be a formally smoothW -algebra of the form R = W [[u1, · · · , uN ]] or R = W [[u1, · · · , uN ]]/(pm). Let X be adeformation of X over R, and consider a morphpism f : Rµ
 GL → R indeuced by X viaSpf Rµ
 GL∼= DefX . Then f factors through Rµ
 G if and only if the tensors (ti) can be liftedto tensors
 (ti) ⊂ D(X )⊗
 which are Frobenius-invariant and lie in the 0th filtration with respect to the Hodgefiltration. If this holds, then we necessarily have (f ∗tunivi ) = (ti).
 We let DefX,G denote the image of the closed imersion Spf (RµG) → DefX . Proposition
 3.2.6 says that this subscheme classifies deformations of X = (X, (ti)) over formal powerseries rings over W of W/(pm). Moreover, our definition of DefX,G is independent ofthe choice of (ti) and µ ∈ µ; the independence of the choice of (ti) is evident fromconstruction, and the independence of the choice of µ follows from the universal propertydescribed in Proposition 3.2.6.
 Proposition 3.2.7. Let G′ be a reductive group over Zp, and let b′ ∈ G′(K0) whichgives rise to a p-divisible group X ′ with tensors (t′i) in the sense of 3.1.1.
 (1) The natural morphism DefX × DefX′ → DefX×X′, defined by taking the productof deformations, induces an isomorphism
 DefX,G × DefX′,G′∼−→ DefX×X′,G×G′ .
 (2) Let f : GW → G′W be a homomorphism over W such that f(b) = b′. Then themorphism
 DefX,G −→ DefX′,G′ ,
 corresponding to the induced map UµG → U fµ
 G′ , depends only on f . Furthermore,this morphism is injective if f is a closed immersion.
 In particular, the deformation space DefX,G depends only on the pair (G, b).
 4. Rapoport-Zink spaces of Hodge type
 In this section, we discuss the construction and key properties of Rapoport-Zinkspaces of Hodge type, following [Kim13]. We retain the notations from the previoussection.
 4.1. Construction.
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 4.1.1. Let us first describe the original construction of Rapoport-Zink spaces in [RZ96].
 Take G = GL(Λ). Let NilpW denote the category of W -algebra where p is nilpotent.We define the covariant functor RZX : NilpW → Sets by setting RZX(R) to be the setof isomorphism classes of pairs (X , ι) where
 • X is a p-divisible group over R,• ι : XR/p → XR/p is a quasi-isogeny.
 The functor RZX depends only on [b] up to isomorphism.
 Rapoport and Zink proved that the functor RZX can be represented by a formalscheme which is locally formally of finite type and formally smooth over W . We alsolet RZX denote the representing formal scheme. We denote by XGL,b the universalp-divisible group over RZX .
 4.1.2. We now consider the general case so that X is equipped with tensors (ti) on M .
 Consider (X , ι) ∈ RZX(R) with R ∈ NilpW . Then ι induces an isomorphism
 D(ι) : D(XR/p)[1/p]∼−→ D(XR/p)[1/p].
 Using this isomorphism, we may identify (ti) as a family of tensors on D(XR/p)[1/p].This family can be uniquely lifted to a family of tensors (ti) on D(X )[1/p].
 Proposition 4.1.3 ([Kim13], Theorem 4.9.1.). Assume that p > 2. Then there existsa closed formal subscheme RZX,G ⊂ RZX , which is formally smooth over W , with thefollowing universal property: Let R be a formally smooth and formally finitely generatedalgebra over either W or W/pm for some m. Consider a morphism f : Spf (R)→ RZXand a p-divisible group X over Spec(R) which pulls back to f ∗XGL,b over Spf (R). Thenf factors through RZX,G if and only if there exists a (unique) family of crystalline Tatetensors (ti) on D(X ) such that
 (1) for some ideal of definition J of R containing p, the pull-back of (ti) over R/Jagrees with the pull-back of (ti) over R/J ;
 (2) for a p-adic lift R of R which is formally smooth over W , the R-scheme
 PR := IsomR
 ([D(X )R, (ti)R], [Λ⊗Zp R, (si ⊗ 1)]
 ),
 defined as in 2.2.4, is a G-torsor;(3) The Hodge filtration of X is a µ-filtration with respect to (ti).
 Moreover, the closed formal subscheme RZX,G ⊂ RZX is independent of the choice of(si).
 We obtain the “universal p-divisible group” XG,b over RZX,G by taking the pull-backof XGL,b. Applying the universal property to an open affine covering of XGL,b, we alsoobtain a family of “universal tensors” (tuniv
 i ) on D(XG,b) (see [Kim13], 4.7.1.).
 Example 4.1.4. Let us consider the setting of Example 3.1.4.(iii), i.e., G = ResO|ZpGLnfor a finite etale extension O of Zp. In this setting, our construction of RZX,G iscompatible with the construction of Rapoport-Zink spaces of EL type in [RZ96]. Inother words, for any R ∈ NilpW , the set RZX,G(R) classifies the isomorphism classes ofpairs (X , ι) where
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 • X is a p-divisible group over R, endowed with an action of O such that
 det R(a,Lie(X )) = det(a,Fil0(X)K0) for all a ∈ O,
 • ι : XR/p → XR/p is a quasi-isogeny, commuting with the action of O.
 4.2. Functorialities and other structures.
 4.2.1. From now on, we will always assume p > 2 to ensure that RZX,G exists.
 The moduli interpretation of XGµ(b) in 3.1.5 gives a natural isomorphism
 XGµ(b)
 ∼= RZX,G(k).
 For x ∈ RZX,G(k), we write (Xx, (tx,i), ιx) for the triple given by moduli interpretationof XG
 µ(b) in 3.1.5. As explained in [Kim13], 4.8, we have a natural isomorphism
 DefXx,G∼= (RZX,G)x.
 Proposition 4.2.2 ([Kim13], Theorem 4.9.1.). Let G′ be a reductive group over Zp,and let b′ ∈ G′(K0) which gives rise to a p-divisible group X ′ with tensors (t′i) in thesense of 3.1.1. We choose a cocharacter µ′ : Gm → G′W associated to (X ′, (t′i)), asdescribed in 3.1.3.
 (1) The natural morphism RZX ×Spf (W ) RZX′ → RZX×X′, defined by the product ofp-divisible groups with quasi-isogeny, induces an isomorphism
 RZX,G ×Spf (W ) RZX′,G′∼−→ RZX×X′,G×G′
 such that the induced product decompositions
 XG×G′µ,µ′(b, b
 ′)∼−→ XG
 µ(b)×XG′
 µ′(b′),
 DefX×X′,G×G′∼−→ DefX,G × DefX′,G′ ,
 obtained via the isomorphisms described in 4.2.1, are compatible with the productdecompositions in Lemma 2.3.2 and Proposition 3.2.7.
 (2) Let f : GW → G′W be a homomorphism over W such that f(b) = b′. Then thereexists a unique morphism
 RZX,G −→ RZX′,G′
 which induces the following Cartesian diagrams:
 XGµ(b) XG′
 µ(b′)
 RZX,G(k) RZX′,G′(k)
 ∼ ∼
 DefXx,G DefXx′ ,G′
 (RZX,G)x (RZX′,G′)x′
 ∼ ∼
 for any x ∈ RZX,G(k) and its image x′ ∈ RZX′,G′(k). Here the vertical maps arethe isomorphisms described in 4.2.1, and the top maps are as in Lemma 2.3.2and Proposition 3.2.7.
 Furthermore, if f is a closed immersion, the associated map RZX,G −→RZX′,G′ is a closed immersion.
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 4.2.3. For the rest of this section, we assume that k = Fp.We define the group valued functor Jb on the category of Qp-algebra by
 Jb(R) := g ∈ G(R⊗Qp K0) : gbσ(g)−1 = bfor any Qp-algebra R. Note that Jb(Qp) can be identified with the group of quasi-isogenies of X that preserve the tensors (ti). Hence one can show that RZX,G carries anatural left Jb(Qp)-action defined by
 γ(X , ι) = (X , ι γ−1)
 for any R ∈ NilpW , (X , ι) ∈ RZX,G(R) and γ ∈ Jb(Qp).
 4.2.4. Let E be the field of definition of the G(K0)-conjugacy class of µ. Note that Eis a finite unramifed extension of Qp. Let d be the degree of the extension, and write τfor the Frobenius automorphpism of K0 relative to E.
 For any formal scheme S over Spf (W ), we write Sτ := S×Spf (W ),τ Spf (W ). For anyR ∈ NilpW , we define Rτ to be R viewed as a W -algebra via τ . Note that we haveSτ (R) = S(Rτ ).
 A Weil descent datum on S over OE is an isomorphism Φ : S∼−→ Sτ . If there exits
 a formal scheme S0 over Spf (OE) with (S0)W ∼= S, then there exists a natural Weildescent datum over OE on S. Such a Weil descent datum is called effective.
 For any (X , ι) ∈ RZX(R) with R ∈ NilpW , we define (XΦ, ιΦ) ∈ RZX(Rτ ) as follows:
 • XΦ is X viewd as a p-divisible group over Rτ ,• ιΦ is the quasi-isogeny
 ιΦ : XRτ/p = (τ ∗X)R/pFrob−d−−−−→ XR/p
 ι−→ XR/p = XΦR/p
 where Frobd : X → τ ∗X is the relative q-Frobenius with q = pd.
 The association (X , ι) 7→ (XΦ, ιΦ) defines a Weil descent datum Φ : RZX∼−→ RZτX over
 OE. One can check that Φ restricts to a Weil descent datum Φ : RZX,G∼−→ RZτX,G
 over OE by looking at k-points and the formal completions thereof. The Weil descentdatum Φ clearly commutes with the Jb(Qp)-action.
 Remark. In the setting of Example 4.1.4, i.e., G = ResO|ZpGLn for a finite etaleextension O of Zp, one easily checks that the Jb(Qp)-action and the Weil descent datumdescribed above are compatible with the ones defined by Rapoport and Zink in [RZ96].
 4.3. Rigid analytic tower of Rapoport-Zink spaces.
 4.3.1. We continue to assume that p > 2 and k = Fp. Since RZX,G is locally formally
 of finite type over Spf (W ), we have a rigid analytic generic fibre RZrigX,G (see [Ber96].).
 The Jb(Qp)-action and the Weil descent datum on RZX,G naturally lifts to RZrigX,G. (For
 an analytic space S over K0, we define a Weil descent datum on S over E to be anisomorphism Φ : S ∼−→ S τ .)
 Recall that XG,b over RZX,G is the universal p-divisible group over RZX,G, endowedwith “universal tensors” (tuniv
 i ) on D(XG,b). These univeral tensors induce tensors (tunivi,et )
 on the Tate module Tp(XG,b) as explained in [Kim13], 7.1.6.
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 For any open compact subgroup Kp of G(Zp), we define the following rigid analytic
 etale cover of RZrigX,G:
 RZKpX,G := IsomRZrig
 X,G
 ([Λ, (si)], [Tp(XG,b), (tuniv
 i,et )])/
 Kp.
 The Jb(Qp)-action and the Weil descent datum over E on RZrigX,G pull back to RZ
 KpX,G.
 As the level Kp varies, these covers form a tower RZKpX,G with Galois group G(Zp).
 We will usually denote this tower by RZ∞X,G.
 Proposition 4.3.2 ([Kim13], Proposition 7.4.8.). There exists a right G(Qp)-action
 on the tower RZ∞X,G = RZKpX,G extending the Galois action of G(Zp), which commutes
 with the natural Jb(Qp)-action and the Weil descent datum over E.
 4.3.3. We fix a prime l 6= p, and let WE denote the Weil group of E. For any levelKp ⊂ G(Zp), we consider the cohomology groups
 H i(RZKpX,G) = H i
 c(RZKpX,G ⊗K0
 K0,Ql(dim RZKpX,G))
 where K0 is the completion of an algebraic closure of K0. As the level Kp varies, these
 cohomology groups form a tower H i(RZKpX,G) for each i. Proposition 4.3.2 shows that
 we have a natural action of G(Qp)×WE × Jb(Qp) on these towers.
 Let ρ be an admissible l-adic representation of Jb(Qp). We will consider the groups
 H i,j(RZ∞X,G)ρ := lim−→Kp
 ExtjJb(Qp)(Hi(RZ
 KpX,G), ρ).
 One can check that these groups satisfy the following properties (cf. [Man08], Theorem8.):
 (1) The groups H i,j(RZ∞X,G)ρ := lim−→KpExtjJb(Qp)(H
 i(RZKpX,G), ρ) vanishes for almost
 all i, j ≥ 0.(2) There is a natural action of G(Qp)×WE on H i,j(RZ∞X,G)ρ.
 (3) The representations H i,j(RZ∞X,G)ρ are admissible.
 Hence we can define
 H•(RZ∞X,G)ρ :=∑i,j≥0
 (−1)i+jH i,j(RZ∞X,G)ρ
 as a virtual representation of G(Qp)×WE.
 5. Harris conjecture for Rapoport-Zink spaces of Hodge type
 In this section, we state and prove a variant of Harris’ conjecture under the assump-tion that X is of Hodge-Newton type (see 5.1.2 for definition).
 We retain the assumptions and notations from §4. In particular, we assume thatp > 2 and k = Fp, and choose a prime l 6= p.
 5.1. Hodge-Newton filtration for p-divisible groups with G-structure.
 We recall some of the main results in [Hong16].

Page 15
                        

ON THE COHOMOLOGY OF RAPOPORT-ZINK SPACES OF HODGE TYPE 15
 5.1.1. As described in [Hong16], 4.1.1, we choose an embedding
 (5.1.1.1) G → G
 such that G is a group of EL type and µG = µG. For simplicity, we assume that
 G = ResO|ZpGLn for some finite etale extension O of Zp. (In general, G is a product ofthe groups of this form.)
 Regarding b as an element in G(K0) via the embedding (5.1.1.1), we obtain O-structure on X (see Example 3.1.4. (iii).). We will write X for X equipped withO-structure. Following [Hong16], 4.1.4, we will refer to X as the EL realization of X.
 The Newton point and the σ-invariant Hodge point of X can be regarded as convexpolygons with rational slope via the following identificaiton (see Example 3.1.4. (iii)):
 N (G) = (r1, r2, · · · , rn) ∈ Qn : 0 ≤ r1 ≤ r2 ≤ · · · ≤ rn.We define the Newton polygon of X, denoted by νX , to be the polygon corresponding
 to the Newton point of X. We similarly define the σ-invariant Hodge polygon of X,which we denote by µX .
 5.1.2. In [Ko97], Kottwitz defined the map
 κG : B(G)→ π1(G)〈σ〉,
 called the Kottwitz map of G (see [Ko97], §4 and §7 for its definition). We writeµ\ := κG(b). One can identify µ\ with the image of µ under the natural projectionX∗(T ) π1(G)〈σ〉.
 We say that X is of Hodge-Newton type if there exists a proper Levi subgroup L ofG containing T , such that b ∈ L(K0) and κL(b) = µ\. If X is of Hodge-Newton type,νX and µX have nontrivial contact points which are break points of νX (see [Hong16],Proposition 4.2.1.).
 For the rest of this paper, X is always assumed to be of Hodge-Newton type. Let Pbe the parabolic subgroup of G associated to L. We choose a Borel pair (B, T ) of Gsuch that T ⊆ T and B ⊆ B. Then we get a parabolic subgroup P the correspondingLevi subgroup L of G = ResO|ZpGLn such that P = P ∩G and L = L ∩G. Note that
 L is of the form
 L = ResO|ZpGLj1 × ResO|ZpGLj2 × · · · × ResO|ZpGLjr .
 We write Lj for the jth factor of this decomposition, and take Lj to be the image of
 L under the projection L Lj. Let bj ∈ Lj(K0) be the image of b under the mapL Lj. We also choose a decomposition of Λ
 Λ = Λ1 ⊕ Λ2 ⊕ · · · ⊕ Λr
 induced by the above decomposition of L.
 For simplicity, we assume that our Levi subgroup gives only one contact point x =(x1, x2). Let ν1 denote the polygon consisting of the first x1 slopes of νX and ν2 thepolygon consisting of the remaining ones. We similarly define µ1 and µ2 for µX . Thenby [Hong16], Theorem 4.2.3, we have a decomposition
 (5.1.2.1) X = X1 ×X2
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 where Xj is a p-divisible group with Lj-strucutre, induced by bj, with the Newtonpolygon νj and the σ-invariant Hodge polygon µj.
 The decomposition (5.1.2.1) is called the Hodge-Newton decomposition of X (associ-ated to the Levi subgroup L). The induced filtration
 (5.1.2.2) 0 ⊂ X1 ⊂ X
 is called the Hodge-Newton filtration of X (associated to the Levi subgroup L).
 The existence of the Hodge-Newton decomposition (5.1.2.1) gives maps on the affineDeligne-Lusztig sets
 (5.1.2.3) XGµ(b)
 ∼−→ XLµ(b) → XL1
 µ1(b1)×XL2
 µ2(b2).
 For details, see the remark after [Hong16], Theorem 4.2.3.
 Proposition 5.1.3 (cf. [Hong16], Theorem 4.2.4.). Let X = (X , (ti)) be a p-divisiblegroup over R ∈ NilpW with Tate tensors which lifts X. More precisely, X is a lift of Xover R equipped with tensors (ti) which lift (ti). Then there exists a unique filtration
 0 ⊂ X 1 ⊂ X
 which lifts the Hodge-Newton filtration (5.1.2.2). In other words, there exists a shortexact sequence of p-divisible groups over R
 0 −→ X1 −→ X −→ X2 −→ 0
 such that Xj lifts Xj and is equipped with tensors (tj,i) which lift (tj,i).
 Proof. Using the embedding (5.1.1.1), we obtain O-structure on X which lifts the O-structure on X. Let X denote X with O-structure. Since X is of Hodge-Newton type,[Sh13], Theorem 5.4 gives a short exact sequence
 0 −→ X1 −→ X −→ X2 −→ 0
 where Xj is a p-divisible group over W with O-structure which lifts the EL realization
 Xj of Xj. SettingMj := D(Xj), we have a short exact sequence of Dieudonne modules
 0 −→M2 −→M −→M1 −→ 0
 where Mj lifts Mj as a O-module.
 It remains to find tensors on Mj which lift (tj,i). We choose a basis Bj for Mj asa O-module, and let Bj be the corresponding basis for Mj. We write tensors (tj,i) interms of the elements in Bj. By considering the corresponding expressions in terms ofBj, we obtain tensors (tj,i) which lift (tj,i).
 5.2. Harris conjecture: statement.
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 5.2.1. We continue to assume that X is of Hodge-Newton type. We retain the notationsfrom 5.1. In particular, we have a parabolic subgroup P and a Levi subgroup L of G.
 Let ρ be an admissible l-adic representation of Jb(Qp). In 4.3.3, we defined a virtualrepresentation of G(Qp)×WE
 H•(RZ∞X,G)ρ :=∑i,j≥0
 (−1)i+jH i,j(RZ∞X,G)ρ.
 Note that, since b ∈ L(K0) by the assumption that X is of Hodge-Newton type, wecan define L-structure on X induced by b. From the associated Rapoport-Zink spaceRZX,L, we obtain a virtual representation of L(Qp)×WE
 H•(RZ∞X,L)ρ :=∑i,j≥0
 (−1)i+jH i,j(RZ∞X,levi)ρ.
 We will consider the above group as a virtual representation of P (Qp)×WE by lettingthe unipotent radical of P (Qp) act trivially.
 We can now state our main theorem as follows:
 Theorem 5.2.2. For any admissible Ql-representation ρ of J(Qp), We have an equalityof virtual representations of G(Qp)×WE:
 H•(RZ∞X,G)ρ = IndG(Qp)
 P (Qp H•(RZ∞X,L)ρ.
 In particular, the virtual representation H•(RZ∞X,G)ρ contains no supercuspidal repre-sentations of G(Qp).
 5.3. Rigid analytic tower associated to the parabolic subgroup.
 For our proof of Theorem 5.2.2, we construct an intermediate tower of rigid analyticspaces associated to the parabolic subgroup P .
 5.3.1. Following Mantovan in [Man08], Definition 9, we define the functor RZX,P :NilpW → Sets by setting RZX,P (R) to be the set of isomorphism classes of triples(X , 0 ⊂ X1 ⊂ X , ι) where
 • X is a p-divisible group over R, endowed with an action of O,• 0 ⊂ X1 ⊂ X is a filtration of X by p-divisible subgroups over R, with p-divisible
 group subquotients, which is preserved by the action of O,• ι : XR/p → XR/p is a quasi-isogeny, compatible with the action of O, which
 induces a quasi-isogeny ι1 : (X1)R/p → (X1)R/p
 such that for all a ∈ O,
 det R(a,Lie(X )) = det(a,Fil0(X)K0),
 det R(a,Lie(X1)) = det(a,Fil0(X1)K0).
 We will use the following identification of RZX,P as a subfunctor of RZX,G × RZX,L1:
 for any R ∈ NilpW , a tuple (X , ι,X1, ι1) ∈ RZX,G(R) × RZX,L1(R) is in RZX,P (R) if
 and only if the map
 (X1)R/pι−11−→ (X1)R/p → XR/p
 ι−→ XR/p
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 is an injective morphism.
 Using this identification, one can show that RZX,P is represented by a formal schemewhich is locally formally of finite type and formally smooth over W (see [Man08],Proposition 11.). We let RZX,P also denote the representing formal scheme, and let
 RZrig
 X,Pbe its rigid analytic generic fibre. By [Sh13], Proposition 6.3, the map
 π2 : RZX,P∼−→ RZX,G,
 defined by (X , ι,X1, ι1) 7→ (X , ι), gives an isomorphism of the rigid analytic genericfibres.
 Proposition 5.3.2. There exists a closed formal subscheme RZX,P ⊂ RZX,P , which isformally smooth over W , such that for any R ∈ NilpW ,
 RZX,P (R) = (X , ι,X1, ι1) ∈ RZX,P (R) : (X , ι) ∈ RZX,G and (X1, ι1) ∈ RZX,L1.
 Proof. By the functoriality of Rapoport-Zink spaces described in Proposition 4.2.2, theembedding G → G induces a closed embedding
 RZX,G → RZX,G.
 We define RZX,P := RZX,P ×RZX,GRZX,G. Then we have a Cartesian diagram
 RZX,P RZX,G
 RZX,P RZX,G
 π2
 π2
 Now the assertion follows from Proposition 5.1.3.
 5.3.3. We describe the universal property of RZX,P ⊂ RZX,P in an analogous way tothe universal property of RZX,G ⊂ RZX in Proposition 4.1.3.
 Recall that we chose a decomposition of the Zp-module Λ = Λ1 ⊕ Λ2 in 5.1.2, whichinduces a filtration 0 ⊂ Λ1 ⊂ Λ. We consider the universal filtered p-divisible group0 ⊂ XL1,b
 ⊂ XP ,b over RZX,P .
 Let R be a formally smooth and formally finitely generated algebra over either W orW/pm for some m. For a morphism f : Spf (R)→ RZX,P , let 0 ⊂ X1 ⊂ X be a filteredp-divisible groups over Spec(R) which pulls back to 0 ⊂ f ∗XL1,b
 ⊂ f ∗XP ,b over Spf (R).
 We choose tensors (ti) on D(X )[1/p] and (t1,i) on D(X1)[1/p] as in 4.1.2. Then f factorsthrough RZX,G if and only if there exists a (unique) family of crystalline Tate tensors(ti) on D(X ) and (t1,i) on D(X1) such that
 (1) for some ideal of definition J of R containing p, the pull-back of (ti) (resp. (t1,i))over R/J agrees with the pull-back of (ti) (resp. (ti)) over R/J ;
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 (2) for a p-adic lift R of R which is formally smooth over W , the R-scheme
 P ′R := IsomR
 ([D(X1)R, (t1,i)R] ⊂ [D(X )R, (ti)R], [(Λ1)R, (s1,i ⊗ 1)] ⊂ [ΛR, (si ⊗ 1)]
 )is a P -torsor;
 (3) The Hodge filtration of X (resp. X1) is a µ-filtration with respect to (ti)(resp. (t1,i)).
 Here the R-scheme P ′R in (2) classifies the isomorphisms D(X )R ∼= ΛR which matchthe filtrations 0 ⊂ D(X1)R ⊂ D(X )R and 0 ⊂ (Λ1)R ⊂ ΛR and map the tensors (t1,i)and (ti) to (s1,i ⊗ 1) and (si ⊗ 1).
 We obtain the “universal filtered p-divisible group” 0 ⊂ XL1,b ⊂ XP,b over RZX,Pby taking the pull-back of the filtered p-divisible group 0 ⊂ XL1,b
 ⊂ XP ,b. Applyingthe universal property to an “open affine covering” of this filtration, we also obtain“universal tensors” (tuniv,P
 1,i ) on D(XL1,b) and (tuniv,Pi ) on D(XP,b). These universal ten-
 sors induce tensors (tuniv,P1,i,et ) and (tuniv,P
 i,et ) on the Tate modules Tp(XL1,b) and Tp(XP,b),respectively, in the sense of [Kim13], 7.1.6.
 5.3.4. The formal scheme RZX,P is formally smooth by construction. Let RZrig
 X,Pbe its
 rigid analytic generic fibre. Note that the map π2 : RZX,P −→ RZX,G in the proof ofPropositoin 5.3.2 gives an isomorphism on the rigid analytic generic fibre. Hence wehave a Jb(Qp)-action and a Weil descent datum over E on RZrig
 X,P induced by the ones
 on RZrigX,G.
 For any open compact subgroup Kp′ of P (Zp), we define the following rigid analytic
 etale cover of RZrigX,P :
 RZKp′
 X,P := IsomRZrigX,P
 ([Λ1, (s1,i)] ⊂ [Λ, (si)], [Tp(XL1,b), (t
 univ,P1,i,et )] ⊂ [Tp(XP,b), (tuniv,P
 i,et )])/
 Kp′.
 The Jb(Qp)-action and the Weil descent datum over E on RZrigX,P pull back to RZ
 Kp′
 X,P .
 As the level Kp varies, these covers form a tower RZKp′
 X,P with Galois group P (Zp).We will usually write RZ∞X,P for this tower.
 Similarly to the tower RZ∞X,G, the new tower RZ∞X,P is endowed with a natural P (Qp)action which commutes with the Jb(Qp)-action and the Weil descent datum over E.Hence, as in 4.3.3, the cohomology groups
 H i(RZKp′
 X,P ) = H ic(RZ
 KpX,P ⊗K0
 K0,Ql(dim RZKp′
 X,P ))
 form a tower H i(RZKp′
 X,P ) for each i, endowed with a natural action of G(Qp)×WE ×Jb(Qp).
 Let ρ be an admissible l-adic representation of Jb(Qp). As in the case of RZ∞X,G, thegroups
 H i,j(RZ∞X,P )ρ := lim−→Kp′
 ExtjJb(Qp)(Hi(RZ
 Kp′
 X,P ), ρ).
 satisfy the following properties:
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 (1) The groups H i,j(RZ∞X,P )ρ := lim−→Kp′ExtjJb(Qp)(H
 i(RZKp′
 X,P ), ρ) vanishes for almost
 all i, j ≥ 0.(2) There is a natural action of P (Qp)×WE on H i,j(RZ∞X,P )ρ.
 (3) The representations H i,j(RZ∞X,P )ρ are admissible.
 Hence we can define
 H•(RZ∞X,P )ρ :=∑i,j≥0
 (−1)i+jH i,j(RZ∞X,P )ρ
 as a virtual representation of P (Qp)×WE.
 5.4. Harris conjecture: proof.
 Lemma 5.4.1 (cf. [Sh13], Proposition 6.1.). The three rigid analytic spaces RZrigX,L,RZrig
 X,P
 and RZrigX,G fit into a diagram
 RZrigX,P
 RZrigX,L RZrig
 X,G
 π1
 s
 π2
 such that
 (1) s is a closed immersion;(2) π1 is a fibration in balls;(3) π2 is an isomorphism.
 Proof. Note that (3) follows immediately from the construction of π2 in the proof ofProposition 5.3.2.
 Consider the map
 s : RZX,L∼= RZX1,L1
 × RZX2,L2−→ RZX,P
 defined by (X1, ι1,X2, ι2) 7→ (X1⊕X2, ι1⊕ ι2,X1, ι1) on the R-points for any R ∈ NilpW .Define s to be the restriction of s on RZX,L. Since π2 s is simply the closed immersionRZX,L → RZX,G, s is also a closed immersion which factors through the embeddingRZX,P → RZX,P . Hence we prove (1).
 In order to construct π1, we consider the map
 π1 : RZX,P −→ RZX1,L1× RZX2,L2
 ∼−→ RZX,L
 defined by (X , ι,X1, ι1) 7→ (X1, ι1,X/X1, ι2) 7→ (X1 ⊕ (X/X1), ι1 ⊕ ι2) on the R-points,where ι2 : (X/X1)R/p −→ (X2)R/p is a quasi-isogeny induced by ι and ι2. We define π1
 be the restriction of π1 on RZX,P .
 We claim that π1 factor through the embedding RZX,L → RZX,L. It suffices to show
 that π−12 π1 factors through RZX,L → RZX,L. We only need to check this on the
 set of k-points and the completions thereof. On the k-points, this is an immediateconsequence of the existence of the Hodge-Newton decomposition; indeed, the map isgiven by (5.1.2.3). On the completion at (X , ι) ∈ RZX,G(k), we get a map DefX,G −→
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 DefX1,L1 × DefX2,L2∼= DefX1×X2,L1×L2 given by X 7→ X1 × (X /X1). Since D(X1)
 and D(X /X1) lift D(X1) and D(X2) respectively, we can clearly lift the tensors onD(X) ∼= D(X1)⊕D(X2) which defines L-structure to D(X1)⊕D(X /X1). This impliesthat X1 × (X /X1) ∈ DefX,L, establishing the claim.
 Finally, one easily sees that π1 is a fibration in balls. In fact, for any (X , ι) ∈RZX,L(k), the completion of RZX,P at s(X , ι) is isormophic to DefX,G, which is iso-morphic to Spf Rµ
 G as described in 3.2.5.
 Proposition 5.4.2. For any adimissible l-adic representation ρ of Jb(Qp), we have
 H•(RZ∞X,L)ρ = H•(RZ∞X,P )ρ
 as virtual representations of P (QP )×WE.
 Proof. For open compact subgroups Kp ⊂ P (Qp), we get morphisms of rigid analyticspaces
 sKp′ : RZKp′∩L(Qp)X,L −→ RZ
 Kp′
 X,P and π1,Kp′ : RZKp′
 X,P −→ RZKp′∩L(Qp)X,L
 which are Jb(Qp) × P (Qp)-equivariant and compatible with the Weil descent datum.Moreover, sKp′ ’s are closed immersions and satisfy π1,Kp′ sKp′ = id
 RZKp′∩L(Qp)X,L
 .
 Recall that 0 ⊂ XL1,b⊂ XP ,b is the universal filtered p-divisible group over RZX,P .
 In [Man08], Mantovan introduces a formal scheme RZ(m)
 X,P−→ RZX,P for each integer
 m > 0 such that, for any morphism of formal schemes f : S −→ RZX,P , the filteredpm-torsion subgroup 0 ⊂ f ∗XL1,b[p
 m] ⊂ f ∗XP,b[pm] is split if and only if f factors
 through RZ(m)
 X,P−→ RZX,P . Pulling back RZ
 (m)
 X,Pover RZX,P , we obtain a formal scheme
 RZ(m)X,P −→ RZX,P with an analogous universal property. Then RZ
 (m)X,P and RZX,P are
 isomorphic as formal schemes over RZX,L, as RZ(m)
 X,Pand RZX,P are isomorphic as formal
 schemes over RZX,L (see [Sh13], §6.). We write RZ(m),rigX,P for the rigid analytic generic
 fibre of RZ(m)X,P .
 Let Kp′(m) := ker
 (P (Zp) P (Zp/pmZp)
 ). We define two distinct covers Pm −→
 RZ(m)X,P and P ′m −→ RZ
 (m)X,P by the Cartesian diagrams
 Pm RZ(m),rigX,P
 RZKp′(m)
 X,P RZrigX,P
 P ′m RZ(m),rigX,P
 RZKp′(m)
 X,L RZrigX,L
 π1
 Since π1 is a fibration in balls, one obtains a quasi-isomorphism
 RΓc(RZKp′(m)
 X,L × Cp, Ql) ∼= RΓc(RZKp′(m)
 X,L × Cp, Ql(−D))[−2D]

Page 22
                        

22 SERIN HONG
 where D = dim RZX,P − dim RZX,L. Moreover, one can argue as in [Man08], Lemma31 and Proposition 32 to deduce a quasi-isomorphism
 RΓc(RZKp′(m)
 X,P × Cp, Ql) ∼= RΓc(RZKp′(m)
 X,L × Cp, Ql).
 Thus we have quasi-isomorphisms
 RΓc(RZKp′(m)
 X,P × Cp, Ql) ∼= RΓc(RZKp′(m)
 X,L × Cp, Ql(−D))[−2D] for all m > 0,
 thereby obtaining the desired identity.
 Proposition 5.4.3. For any adimissible l-adic representation ρ of Jb(Qp), we have
 H•(RZ∞X,G)ρ = IndG(Qp)
 P (Qp H•(RZ∞X,P )ρ
 as virtual representations of P (QP )×WE.
 Proof. For any open compact subgroup Kp ⊆ G(Zp), we have natural morphisms ofrigid analytic spaces
 π2,Kp : RZKp∩P (Qp)X,P → RZ
 KpX,G
 which are Jb(Qp) × P (Qp)-equivariant and compatible with the Weil descent datum.These maps are closed immersions, so one finds
 RZKpX,G∼= RZ
 KpX,G ×RZrig
 X,GRZrig
 X,P∼=
 ∐Kp\G(Qp)/P (Qp)
 RZKp∩P (Qp)X,P ,
 which yields the desired equality.
 Proposition 5.4.2 and 5.4.3 together imply Theorem 5.2.2.
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