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Chapter 8: Optimization
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....................................................UVMIF 
1186 Using function and first derivative values
............................ UVMID  1189 Nonsmooth
function............................................................UVMGS 
1193 

8.1.2 Multivariate FunctionUsing finite-difference gradient
.............................................UMINF 
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............................................UMIDH 
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conjugate gradient with analytic gradient
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function............................................................UMPOL 
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8.1.3 Nonlinear Least Squares
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1237 
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gradient ........................................... BCONF 
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.......................................................BCONG 
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...........................................BCODH 
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.......................................................BCOAH 
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8.3. Linearly Constrained Minimization

Dense linear programming
..................................................DLPRS 
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8.4. Nonlinearly Constrained MinimizationUsing a sequential
equality constrained QP method ...........NNLPF 
1323 Using a sequential equality constrained QP method
..........NNLPG  1329 

8.5. Service RoutinesCentral-difference
gradient.................................................
CDGRD  1336 Forward-difference gradient
................................................FDGRD 
1338 Forward-difference
Hessian................................................ FDHES 
1340 Forward-difference Hessian using analytic gradient
...........GDHES  1343 Forward-difference
Jacobian................................................FDJAC 
1346 Check user-supplied gradient
............................................ CHGRD 
1349 Check user-supplied Hessian
.............................................CHHES 
1352 Check user-supplied Jacobian
............................................ CHJAC 
1355 Generate starting
points.....................................................
GGUES  1359 

Usage Notes

Unconstrained Minimization

The unconstrained minimization problem can be stated as
follows:

minn x f x

R 

 

where f  : R n R  is at least
continuous. The routines for unconstrained minimization are
groupedinto three categories: univariate functions (UV***),
multivariate functions (UM***), and nonlinear

least squares (UNLS*).

For the univariate function routines, it is assumed that the
function is unimodal within the

specified interval. Otherwise, only a local minimum can be
expected. For further discussion onunimodality, see Brent
(1973).

A quasi-Newton method is used for the multivariate function
routines UMINF (page 1196) and

UMING (page 1202), whereas UMIDH (page 1208) and
UMIAH (page 1213) use a modified Newton

algorithm. The routines UMCGF (page 1219) and
UMCGG (page 1223) make use of a conjugate

gradient approach, and UMPOL (page 1227) uses a
polytope method. For more details on these

algorithms, see the documentation for the corresponding
routines.

The nonlinear least squares routines use a modified
Levenberg-Marquardt algorithm. If thenonlinear least squares
problem is a nonlinear data-fitting problem, then software that is
designed

to deliver better statistical output may be useful; see IMSL
(1991).

These routines are designed to find only a local minimum point.
However, a function may have

many local minima. It is often possible to obtain a better local
solution by trying different initial

 points and intervals.

High precision arithmetic is recommended for the routines that
use only function values. Also it is

advised that the derivative-checking routines CH*** be used
to ensure the accuracy of the user-

supplied derivative evaluation subroutines.
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Minimization with Simple Bounds

The minimization with simple bounds problem can be stated as
follows:

minn x f x

R 

 

subject to l i   xi  ui, for
i = 1, 2, , n 

where f  : R n R , and all the
variables are not necessarily bounded.

The routines BCO** use the same algorithms as the routines
UMI**, and the routines BCLS* are

the corresponding routines of UNLS*. The only difference is that
an active set strategy is used to

ensure that each variable stays within its bounds. The routine
BCPOL (page 1271) uses a function

comparison method similar to the one used by UMPOL (page
1227). Convergence for these

 polytope methods is not guaranteed; therefore, these
routines should be used as a last alternative.

Linearly Constrained Minimization

 

The linearly constrained minimization problem can be stated as
follows:

minn x f x

R 

 

subject to Ax = b 

where f  : R n R , A is
an m  n coefficient matrix, and b is a vector
of length m. If f ( x) is linear,then the problem is
a linear programming problem; if f ( x) is
quadratic, the problem is a quadratic

 programming problem.

The routine DLPRS (page 1297) uses a revised simplex
method to solve small- to medium-sized

linear programming problems. No sparsity is assumed since the
coefficients are stored in full

matrix form.

The routine QPROG (page 1307) is designed to solve
convex quadratic programming problemsusing a dual quadratic
programming algorithm. If the given Hessian is not positive
definite, then

QPROG modifies it to be positive definite. In this case,
output should be interpreted with care.

The routines LCONF (page 1310) and LCONG (page
1316) use an iterative method to solve the

linearly constrained problem with a general objective function.
For a detailed description of thealgorithm, see Powell (1988,
1989).

Nonlinearly Constrained Minimization

 

The nonlinearly constrained minimization problem can be stated
as follows:

minn x f x

R 

 

subject to g i( x) = 0, for i = 1, 2, ,
m 

 g i( x)  0, for i = m + 1, ,
m 

where f  :
R n R  and g i :
R n R , for i = 1, 2, , m 


	
8/20/2019 IMSL Fortran Library User Guide 2.pdf

9/233

 

1184 Chapter 8: Optimization IMSL MATH/LIBRARY

The routines NNLPF (page 1323) and NNLPG (page
1329) use a sequential equality constrained

quadratic programming method. A more complete discussion of this
algorithm can be found in the

documentation.

Selection of Routines

 

The following general guidelines are provided to aid in the
selection of the appropriate routine.

Unconstrained Minimization

1. For the univariate case, use UVMID (page 1189) when
the gradient is available, and use

UVMIF (page 1182) when it is not. If discontinuities
exist, then use UVMGS (page 1193).

2. For the multivariate case, use UMCG* when storage is a
problem, and use UMPOL (page

1227) when the function is nonsmooth. Otherwise, use
UMI** depending on the

availability of the gradient and the Hessian.

3. For least squares problems, use UNLSJ (page
1237) when the Jacobian is available, and

use UNLSF (page 1231) when it is not.

Minimization with Simple Bounds

1. Use BCONF (page 1243) when only function values are
available. When first

derivatives are available, use either BCONG (page
1249) or BCODH (page 1257). If first

and second derivatives are available, then use BCOAH (page
1263).

2. For least squares, use BCLSF (page 1274) or
BCLSJ (page 1281) depending on the

availability of the Jacobian.

3. Use BCPOL (page 1271) for nonsmooth functions that
could not be solved satisfactorily by the other routines.
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The following charts provide a quick reference to routines in
this chapter:

nonsmooth

UMCGF no derivative large-size

least squaresno Jacobian

no derivative

nonsmooth

UNLSF

UVMSG

UVMIF

UMCGG

UNLSJ

UMPOL

UMINF

UMING

UMIDH

UVMID UMIAH

no first

derivative

no second

 problem

derivative

UNCONSTRAINED

MINIMIZATION

univariate multivariate

smooth

 


	
8/20/2019 IMSL Fortran Library User Guide 2.pdf

11/233

 

1186 Chapter 8: Optimization IMSL MATH/LIBRARY

UVMIF

Finds the minimum point of a smooth function of a single
variable using only function

evaluations.

Required Arguments

F  — User-supplied FUNCTION to compute the value
of the function to be minimized. The

form is F(X), where

X – The point at which the function is evaluated.
(Input)
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X should not be changed by F. 

F – The computed function value at the point X.
(Output)

F must be declared EXTERNAL in the calling
program.

 XGUESS  — An initial guess of the minimum point
of F. (Input)

 BOUND — A positive number that limits the amount by
which X may be changed from its

initial value. (Input)

 X  — The point at which a minimum value of
F is found. (Output)

Optional Arguments

 STEP  — An order of magnitude estimate of the
required change in X. (Input)

Default: STEP = 1.0.

 XACC  — The required absolute accuracy in the
final value of X. (Input)

On a normal return there are points on either side of
X within a distance XACC at which

F is no less than F(X).

Default: XACC = 1.e-4.

 MAXFN  — Maximum number of function evaluations
allowed. (Input)

Default: MAXFN = 1000.

FORTRAN 90 Interface

Generic:  CALL UVMIF (F, XGUESS, BOUND, X [,…]) 

Specific: The specific interface names are S_UVMIF and
D_UVMIF.

FORTRAN 77 Interface

Single: CALL UVMIF (F, XGUESS, STEP, BOUND, XACC, MAXFN,
X) 

Double: The double precision name is DUVMIF.

Example 

A minimum point of ex  5 x is found.

USE UVMIF_INTUSE UMACH_INT

! Declare variablesINTEGER MAXFN, NOUTREAL BOUND, F, FX, STEP,
X, XACC, XGUESSEXTERNAL F

! Initialize variables
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XGUESS = 0.0XACC = 0.001BOUND = 100.0

STEP = 0.1MAXFN = 50

!! Find minimum for F = EXP(X) - 5X

CALL UVMIF (F, XGUESS, BOUND, X, STEP=STEP, XACC=XACC,
MAXFN=MAXFN)FX = F(X)

! Print resultsCALL UMACH (2, NOUT)WRITE (NOUT,99999) X, FX

!99999 FORMAT (’ The minimum is at ’, 7X, F7.3, //, ’ The
function ’ &

, ’value is ’, F7.3)!

END! Real function: F = EXP(X) - 5.0*X

REAL FUNCTION F (X)REAL X

!REAL EXPINTRINSIC EXP

!F = EXP(X) - 5.0E0*X

!RETURNEND

OutputThe minimum is at 1.609

The function value is -3.047

Comments

Informational errors

Type Code

3 1 Computer rounding errors prevent further refinement of
X.

3 2 The final value of X is at a bound. The minimum is
probably beyond the

 bound.

4 3 The number of function evaluations has exceeded MAXFN.

Description

The routine UVMIF uses a safeguarded quadratic
interpolation method to find a minimum point

of a univariate function. Both the code and the underlying
algorithm are based on the routineZXLSF written by M.J.D.
Powell at the University of Cambridge.

The routine UVMIF finds the least value of a univariate
function, f , that is specified by the

function subroutine F. Other required data include an initial
estimate of the solution, XGUESS ,

and a positive number BOUND. Let x = XGUESS and
b = BOUND, then x is restricted to the
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interval [ x  b, x + b]. Usually, the
algorithm begins the search by moving from x to

 x = x + s, where s =
STEP is also provided by the user and may be positive or
negative. The first

two function evaluations indicate the direction to the minimum
point, and the search strides outalong this direction until a
bracket on a minimum point is found or until x reaches
one of the

 bounds x  b. During this stage, the step
length increases by a factor of between two and nine

 per function evaluation; the factor depends on the
position of the minimum point that is

 predicted by quadratic interpolation of the three most
recent function values.

When an interval containing a solution has been found, we will
have three points, x, x, and x,

with x 
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F  — The computed value of the function at X.
(Output)

F must be declared EXTERNAL in the calling
program.

G  — User-supplied FUNCTION to compute the
derivative of the function. The form is G(X),

where

 X  — The point at which the derivative is to be
computed. (Input)

G  — The computed value of the derivative at X.
(Output)

G must be declared EXTERNAL in the calling
program.

 A — A is the lower endpoint of the interval in
which the minimum point of F is to be located.

(Input)

 B — B is the upper endpoint of the interval in
which the minimum point of F is to be located.

(Input)

 X  — The point at which a minimum value of
F is found. (Output)

Optional Arguments

 XGUESS  — An initial guess of the minimum point
of F. (Input)

Default: XGUESS = (a + b) / 2.0.

 ERRREL — The required relative accuracy in the final
value of X. (Input)

This is the first stopping criterion. On a normal return, the
solution X is in an interval

that contains a local minimum and is less than or equal to
MAX(1.0, ABS(X)) * ERRREL.When the given ERRREL is less
than machine epsilon, SQRT(machine epsilon) is used

as ERRREL.

Default: ERRREL = 1.e-4.

GTOL — The derivative tolerance used to decide if the
current point is a local minimum.

(Input)

This is the second stopping criterion. X is returned as a
solution when GX is less than or

equal to GTOL. GTOL should be nonnegative, otherwise zero
would be used.

Default: GTOL = 1.e-4.

 MAXFN  — Maximum number of function evaluations
allowed. (Input)

Default: MAXFN = 1000.

FX  — The function value at point X. (Output)

GX  — The derivative value at point X. (Output)
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!RETURNEND

!REAL FUNCTION G (X)REAL X

!REAL EXPINTRINSIC EXP

!G = EXP(X) - 5.0E0RETURNEND

OutputThe minimum is at 1.609

The function value is -3.047

The derivative is -0.001

Comments

Informational errors

Type Code

3 1 The final value of X is at the lower bound. The minimum
is probably

 beyond the bound.

3 2 The final value of X is at the upper bound. The minimum
is probably beyond the bound.

4 3 The maximum number of function evaluations has been
exceeded.

Description

The routine UVMID uses a descent method with either the
secant method or cubic interpolation to

find a minimum point of a univariate function. It starts with an
initial guess and two endpoints.If any of the three points is a
local minimum point and has least function value, the routine

terminates with a solution. Otherwise, the point with least
function value will be used as thestarting point.

From the starting point, say xc, the function
value f c = f  ( xc), the
derivative value g c = g ( xc),
and

a new point xn defined
by xn = xc   g c are
computed. The function f n = f ( xn),
and the derivative

 g n = g ( xn) are then evaluated.
If
either f n   f c or g n has
the opposite sign of g c, then there exists a

minimum point between xc and xn; and an initial
interval is obtained. Otherwise, since xc is kept

as the point that has lowest function value, an interchange
between xn and xc is performed. The

secant method is then used to get a new point

( )n c s c cn c

 g g  x x g 

 x x
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Let xn   x s and repeat this
process until an interval containing a minimum is found or one of
the

convergence criteria is satisfied. The convergence criteria are
as follows: Criterion 1:

c n c x x      

Criterion 2:

c g  g       

where c = max{1.0, | xc|},  is a relative error
tolerance and  g  is a gradient tolerance.

When convergence is not achieved, a cubic interpolation is
performed to obtain a new point.Function and derivative are then
evaluated at that point; and accordingly, a smaller interval
that

contains a minimum point is chosen. A safeguarded method is used
to ensure that the interval

reduces by at least a fraction of the previous interval. Another
cubic interpolation is then performed, and this procedure is
repeated until one of the stopping criteria is met.

UVMGS

Finds the minimum point of a nonsmooth function of a single
variable.

Required Arguments

F  — User-supplied FUNCTION to compute the value
of the function to be minimized. The

form is F(X), where

X – The point at which the function is evaluated.
(Input)

X should not be changed by F.

F – The computed function value at the point X. (Output)

F must be declared EXTERNAL in the calling
program.

 A — On input, A is the lower endpoint of the
interval in which the minimum of F is to be

located. On output, A is the lower endpoint of the interval
in which the minimum of F 

is located. (Input/Output)

 B — On input, B is the upper endpoint of the
interval in which the minimum of F is to be

located. On output, B is the upper endpoint of the interval
in which the minimum of F 

is located. (Input/Output)

 XMIN  — The approximate minimum point of the
function F on the original interval (A, B).

(Output)
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Optional Arguments

TOL — The allowable length of the final subinterval
containing the minimum point. (Input)

Default: TOL = 1.e-4.

FORTRAN 90 Interface

Generic:  CALL UVMGS (F, A, B, XMIN [,…]) 

Specific: The specific interface names are S_UVMGS and
D_UVMGS.

FORTRAN 77 Interface

Single: CALL UVMGS (F, A, B, TOL, XMIN)

Double: The double precision name is DUVMGS.

Example 

A minimum point of 3 x  2 x + 4 is
found.

USE UVMGS_INTUSE UMACH_INT

! Specification of variablesINTEGER NOUTREAL A, B, FCN, FMIN,
TOL, XMINEXTERNAL FCN

! Initialize variablesA = 0.0E0B = 5.0E0

TOL = 1.0E-3! Minimize FCNCALL UVMGS (FCN, A, B, XMIN,
TOL=TOL)FMIN = FCN(XMIN)

! Print resultsCALL UMACH (2, NOUT)WRITE (NOUT,99999) XMIN,
FMIN, A, B

99999 FORMAT (’ The minimum is at ’, F5.3, //, ’ The ’,
&’function value is ’, F5.3, //, ’ The final ’, &’interval
is (’, F6.4, ’,’, F6.4, ’)’, /)

!END

!! REAL FUNCTION: F = 3*X**2 - 2*X + 4

REAL FUNCTION FCN (X)

REAL X!FCN = 3.0E0*X*X - 2.0E0*X + 4.0E0

!RETURNEND
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OutputThe minimum is at 0.333

The function value is 3.667

The final interval is (0.3331,0.3340)

Comments

1. Informational errors

Type Code

3 1 TOL is too small to be satisfied.

4 2 Due to rounding errors F does not appear to be
unimodal.

2. On exit from UVMGS without any error messages, the
following conditions hold: (B-A)  

TOL.

A  XMIN and XMIN  B 

F(XMIN)  F(A) and F(XMIN)  F(B)

3. On exit from UVMGS with error code 2, the following
conditions hold:

A  XMIN and XMIN  B 

F(XMIN)  F(A) and F(XMIN)  F(B) (only one equality can
hold).

Further analysis of the function F is necessary in order to
determine whether it is not

unimodal in the mathematical sense or whether it appears to be
not unimodal to the

routine due to rounding errors in which case the A, B, and
XMIN returned may be

acceptable.

Description

The routine UVMGS uses
the golden  section  search technique
to compute to the desired accuracy

the independent variable value that minimizes a unimodal
function of one independent variable,

where a known finite interval contains the minimum.

Let  = TOL. The number of iterations required to compute
the minimizing value to accuracy  is

the greatest integer less than or equal to

ln /1

ln 1

b a

c

    

 

where a and b define the interval and

3 5 / 2c    

The first two test points are v and v that are defined
as

v = a + c(b  a), and v =
b  c(b  a)
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If f (v)
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FSCALE  — Scalar containing the function scaling.
(Input)

FSCALE is used mainly in scaling the gradient. In the
absence of other information, set

FSCALE to 1.0.

Default: FSCALE = 1.0.

 IPARAM  — Parameter vector of length 7.
(Input/Output)

Set IPARAM(1) to zero for default values of IPARAM and
RPARAM. See Comment 4.

Default: IPARAM = 0.

 RPARAM  — Parameter vector of length
7.(Input/Output)See Comment 4.

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMINF (FCN, X [,…]) 

Specific: The specific interface names are S_UMINF and
D_UMINF.

FORTRAN 77 Interface

Single: CALL UMINF (FCN, N, XGUESS, XSCALE, FSCALE, IPARAM,
RPARAM,X, FVALUE) 

Double: The double precision name is DUMINF.

Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized.

USE UMINF_INTUSE U4INF_INTUSE UMACH_INTINTEGER NPARAMETER
(N=2)

!INTEGER IPARAM(7), L, NOUTREAL F, RPARAM(7), X(N), XGUESS(N),
&

XSCALE(N)EXTERNAL ROSBRK!

DATA XGUESS/-1.2E0, 1.0E0/!! Relax gradient tolerance stopping!
criterion

CALL U4INF (IPARAM, RPARAM)
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RPARAM(1) = 10.0E0*RPARAM(1)! Minimize Rosenbrock function
using! initial guesses of -1.2 and 1.0

CALL UMINF (ROSBRK, X, XGUESS=XGUESS, IPARAM=IPARAM,
RPARAM=RPARAM, &FVALUE=F)

! Print resultsCALL UMACH (2, NOUT)WRITE (NOUT,99999) X, F,
(IPARAM(L),L=3,5)

!99999 FORMAT (’ The solution is ’, 6X, 2F8.3, //, ’ The
function ’, &

’value is ’, F8.3, //, ’ The number of iterations is ’,
&10X, I3, /, ’ The number of function evaluations is ’,
&I3, /, ’ The number of gradient evaluations is ’, I3)

!END

!SUBROUTINE ROSBRK (N, X, F)INTEGER N

REAL X(N), F!

F = 1.0E2*(X(2)-X(1)*X(1))**2 + (1.0E0-X(1))**2!

RETURNEND

OutputThe solution is 1.000 1.000

The function value is 0.000

The number of iterations is 15The number of function evaluations
is 40The number of gradient evaluations is 19

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2INF/DU2INF. The

reference is:

CALL U2INF (FCN, N, XGUESS, XSCALE, FSCALE, IPARAM,RPARAM,
X,FVALUE, WK)

The additional argument is:

WK  — Work vector of length N(N + 8). WK contains
the following information on

output: The second N locations contain the last step taken.
The third N locations

contain the last Newton step. The fourth N locations
contain an estimate of the

gradient at the solution. The final N locations contain the
Cholesky

factorization of a BFGS approximation to the Hessian at the
solution.

2. Informational errors

Type Code
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3 1 Both the actual and predicted relative reductions in the
function areless than or equal to the relative function convergence
tolerance.

4 2 The iterates appear to be converging to a noncritical
point.

4 3 Maximum number of iterations exceeded.4 4 Maximum number of
function evaluations exceeded.

4 5 Maximum number of gradient evaluations exceeded.

4 6 Five consecutive steps have been taken with the maximum
steplength.

2 7 Scaled step tolerance satisfied; the current point may be
an

approximate local solution, or the algorithm is making very
slow

 progress and is not near a solution, or STEPTL is too
big.

3 8 The last global step failed to locate a lower point than the
current X 

value.

3. The first stopping criterion for UMINF occurs when the
infinity norm of the scaled

gradient is less than the given gradient tolerance (RPARAM(1)).
The second stopping

criterion for UMINF occurs when the scaled distance between
the last two steps is lessthan the step tolerance (RPARAM(2)).

4. If the default parameters are desired for UMINF, then set
IPARAM(1) to zero and call the

routine UMINF. Otherwise, if any nondefault parameters are
desired for IPARAM or

RPARAM, then the following steps should be taken before calling
UMINF:

CALL U4INF (IPARAM, RPARAM)

Set nondefault values for desired IPARAM,
RPARAM elements.

 Note that the call to U4INF will set IPARAM and
RPARAM to their default values so only

nondefault values need to be set above.

The following is a list of the parameters and the default
values:

 IPARAM  — Integer vector of length 7.

IPARAM(1) = Initialization flag.

IPARAM(2) = Number of good digits in the function.

Default: Machine dependent.

IPARAM(3) = Maximum number of iterations.

Default: 100.

IPARAM(4) = Maximum number of function evaluations.

Default: 400.

IPARAM(5) = Maximum number of gradient evaluations.

Default: 400.
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IPARAM(6) = Hessian initialization parameter.

If IPARAM(6) = 0, the Hessian is initialized to the identity
matrix; otherwise, it is

initialized to a diagonal matrix containing

2max ,  s i f t f s  

on the diagonal where t  =
XGUESS, f  s = FSCALE, and s =
XSCALE.

Default: 0.

IPARAM(7) = Maximum number of Hessian evaluations.

Default: Not used in UMINF.

 RPARAM  — Real vector of length 7.

RPARAM(1) = Scaled gradient tolerance.

The i-th component of the scaled gradient at

 x is calculated as

*max ,1/

max ,

i i i

 s

 g x s

 f x f  

where g  =
 f  ( x), s = XSCALE,
and f  s = FSCALE.

Default:

3,    

in double where  is the machine precision.

RPARAM(2) = Scaled step tolerance. (STEPTL)The i-th component of
the scaled step between two points x and y is
computed as

max , 1/i i

i i

 x y

 x s

 

where s = XSCALE.

Default:  where  is the machine precision.

RPARAM(3) = Relative function tolerance.

Default: max(10

,

), max(10

,

) in double where  is the machine precision.

RPARAM(4) = Absolute function tolerance.Default: Not used in
UMINF.

RPARAM(5) = False convergence tolerance.

Default: Not used in UMINF.
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RPARAM(6) = Maximum allowable step size.

Default: 1000 max(, ) where

2

1 2 21XSCALE XGUESS, , , and

n

i ii s t s s t   

 

RPARAM(7) = Size of initial trust region radius.

Default: Not used in UMINF.

If double precision is required, then DU4INF is called, and
RPARAM is declared double

 precision.

5. Users wishing to override the default print/stop attributes
associated with error

messages issued by this routine are referred to “Error Handling”
in the Introduction.

Description

The routine UMINF uses a quasi-Newton method to find the
minimum of a function  f ( x) of n 

variables. Only function values are required. The problem is
stated as follows:

minn x f x

R 

 

Given a starting point xc, the search direction is computed
according to the formula

d  =  B  g c 

where B is a positive definite approximation of the
Hessian and g c is the gradient evaluated at

 xc. A line search is then used to find a new point

 xn = xc + d ,  > 0

such that

 f ( xn)   f ( xc) +
 g T  d ,   (0, 0.5)

Finally, the optimality condition || g ( x)|| =
 is checked where  is a gradient tolerance.

When optimality is not achieved, B is updated
according to the BFGS formula

T T 

T T 

 Bss B yy B B

 s Bs y s  


where s = xn   xc and y = g n   g c.
Another search direction is then computed to begin the next

iteration. For more details, see Dennis and Schnabel (1983,
Appendix A).

Since a finite-difference method is used to estimate the
gradient, for some single precisioncalculations, an inaccurate
estimate of the gradient may cause the algorithm to terminate at
a

noncritical point. In such cases, high precision arithmetic is
recommended. Also, whenever the

exact gradient can be easily provided, IMSL routine
UMING (page 1202) should be used instead.
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UMING

Minimizes a function of N variables using a quasi-Newton
method and a user-supplied gradient.

Required Arguments

FCN  — User-supplied SUBROUTINE to evaluate the
function to be minimized. The usage is

CALL FCN (N, X, F), where

N – Length of X. (Input)

X – Vector of length N at which point the function is
evaluated. (Input)

X should not be changed by FCN.

F – The computed function value at the point X.
(Output)

FCN must be declared EXTERNAL in the calling
program.

GRAD — User-supplied SUBROUTINE to compute the
gradient at the point X. The usage is

CALL GRAD (N, X, G), where

N – Length of X and G. (Input)

X – Vector of length N at which point the function is
evaluated. (Input)

X should not be changed by GRAD .

G – The gradient evaluated at the point X. (Output)

GRAD must be declared EXTERNAL in the calling
program.

 X  — Vector of length N containing the
computed solution. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).

 XGUESS  — Vector of length N containing the
initial guess of the minimum. (Input)

Default: XGUESS = 0.0.

 XSCALE  — Vector of length N containing the
diagonal scaling matrix for the variables.

(Input)

XSCALE is used mainly in scaling the gradient and the
distance between two points. In

the absence of other information, set all entries to
1.0.Default: XSCALE = 1.0.

FSCALE  — Scalar containing the function scaling.
(Input)

FSCALE is used mainly in scaling the gradient. In the
absence of other information, set
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FSCALE to 1.0.

Default: FSCALE = 1.0.

 IPARAM  — Parameter vector of length 7.
(Input/Output)

Set IPARAM(1) to zero for default values of IPARAM and
RPARAM. See Comment 4.

Default: IPARAM = 0.

 RPARAM  — Parameter vector of length 7.
(Input/Output)

See Comment 4.

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMING (FCN, GRAD, X [,…]) 

Specific: The specific interface names are S_UMING and
D_UMING.

FORTRAN 77 Interface

Single: CALL UMING (FCN, GRAD, N, XGUESS, XSCALE, FSCALE,
IPARAM,RPARAM, X, FVALUE) 

Double: The double precision name is DUMING.

Example 

The function

    2 222 1 1100 1 f x x x x  

is minimized. Default values for parameters are used.

USE UMING_INTUSE UMACH_INTINTEGER NPARAMETER (N=2)

!INTEGER IPARAM(7), L, NOUTREAL F, X(N), XGUESS(N)EXTERNAL
ROSBRK, ROSGRD

!DATA XGUESS/-1.2E0, 1.0E0/

!

IPARAM(1) = 0! Minimize Rosenbrock function using! initial
guesses of -1.2 and 1.0

CALL UMING (ROSBRK, ROSGRD, X, XGUESS=XGUESS, IPARAM=IPARAM,
FVALUE=F)! Print results

CALL UMACH (2, NOUT)WRITE (NOUT,99999) X, F,
(IPARAM(L),L=3,5)
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!99999 FORMAT (’ The solution is ’, 6X, 2F8.3, //, ’ The
function ’, &

’value is ’, F8.3, //, ’ The number of iterations is ’,
&

10X, I3, /, ’ The number of function evaluations is ’, &I3,
/, ’ The number of gradient evaluations is ’, I3)

!END

!SUBROUTINE ROSBRK (N, X, F)INTEGER NREAL X(N), F

!F = 1.0E2*(X(2)-X(1)*X(1))**2 + (1.0E0-X(1))**2

!RETURNEND

!SUBROUTINE ROSGRD (N, X, G)

INTEGER NREAL X(N), G(N)

!G(1) = -4.0E2*(X(2)-X(1)*X(1))*X(1) - 2.0E0*(1.0E0-X(1))G(2) =
2.0E2*(X(2)-X(1)*X(1))

!RETURNEND

OutputThe solution is 1.000 1.000

The function value is 0.000

The number of iterations is 18The number of function evaluations
is 31The number of gradient evaluations is 22

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2ING/DU2ING. The

reference is:

CALL U2ING (FCN, GRAD, N, XGUESS, XSCALE, FSCALE, IPARAM,RPARAM,
X, FVALUE, WK)

The additional argument is

WK  — Work vector of length N * (N + 8).
WK contains the following information on

output: The second N locations contain the last step taken.
The third N locationscontain the last Newton step. The fourth
N locations contain an estimate of the

gradient at the solution. The final N locations contain the
Cholesky factorization

of a BFGS approximation to the Hessian at the solution.

2. Informational errors
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Type Code

3 1 Both the actual and predicted relative reductions in the
function are

less than or equal to the relative function convergence
tolerance.

4 2 The iterates appear to be converging to a noncritical
point.4 3 Maximum number of iterations exceeded.

4 4 Maximum number of function evaluations exceeded.

4 5 Maximum number of gradient evaluations exceeded.

4 6 Five consecutive steps have been taken with the maximum
step

length.

2 7 Scaled step tolerance satisfied; the current point may be
an

approximate local solution, or the algorithm is making very
slow

 progress and is not near a solution, or STEPTL is too
big.

3 8 The last global step failed to locate a lower point than the
current X 

value.

3. The first stopping criterion for UMING occurs when the
infinity norm of the scaled

gradient is less than the given gradient tolerance (RPARAM(1)).
The second stoppingcriterion for UMING occurs when the scaled
distance between the last two steps is less

than the step tolerance (RPARAM(2)).

4. If the default parameters are desired for UMING, then set
IPARAM(1) to zero and call

routine UMING (page 1202). Otherwise, if any nondefault
parameters are desired for

IPARAM or RPARAM, then the following steps should be taken
before calling UMING:

CALL U4INF (IPARAM, RPARAM)

Set nondefault values for desired IPARAM,
RPARAM elements.

 Note that the call to U4INF will set IPARAM and
RPARAM to their default values so only

nondefault values need to be set above.

The following is a list of the parameters and the default
values:

 IPARAM  — Integer vector of length 7.

IPARAM(1) = Initialization flag.

IPARAM(2) = Number of good digits in the function.

Default: Machine dependent.

IPARAM(3) = Maximum number of iterations.

Default: 100.

IPARAM(4) = Maximum number of function evaluations.

Default: 400.

IPARAM(5) = Maximum number of gradient evaluations.

Default: 400.
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IPARAM(6) = Hessian initialization parameter

If IPARAM(6) = 0, the Hessian is initialized to the identity
matrix; otherwise, it is

initialized to a diagonal matrix containing

2max ,  s i f t f s  

on the diagonal where t  =
XGUESS, f  s = FSCALE, and s =
XSCALE.

Default: 0.

IPARAM(7) = Maximum number of Hessian evaluations.

Default: Not used in UMING.

 RPARAM  — Real vector of length 7.

RPARAM(1) = Scaled gradient tolerance.

The i-th component of the scaled gradient at

 x is calculated as

*max ,1/

max ,

i i i

 s

 g x s

 f x f  

where g  =
 f  ( x), s = XSCALE,
and f  s = FSCALE.

Default:

3,    

in double where  is the machine precision.

RPARAM(2) = Scaled step tolerance. (STEPTL)

The i-th component of the scaled step between two
points x and y is computed as

max , 1/i i

i i

 x y

 x s

 

where s = XSCALE.

Default:

 where  is the machine precision.

RPARAM(3) = Relative function tolerance.

Default: max(10, ), max(10,

) in double where  is the machine

 precision.

RPARAM(4) = Absolute function tolerance.

Default: Not used in UMING.
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RPARAM(5) = False convergence tolerance.

Default: Not used in UMING.

RPARAM(6) = Maximum allowable step size.

Default: 1000 max(, ) where

2

1 1

n

i ii s t  

 

 = || s ||, s = XSCALE, and
t  = XGUESS.

RPARAM(7) = Size of initial trust region radius.

Default: Not used in UMING.

If double precision is required, then DU4INF is called, and
RPARAM is declared double

 precision.

5. Users wishing to override the default print/stop attributes
associated with error

messages issued by this routine are referred to “Error Handling”
in the Introduction.

Description

The routine UMING uses a quasi-Newton method to find the
minimum of a function  f ( x) of n 

variables. Function values and first derivatives are required.
The problem is stated as follows:

minn x f x

R 

 

Given a starting point xc, the search direction is computed
according to the formula

d  =  B  g c 

where B is a positive definite approximation of the
Hessian and g c is the gradient evaluated at

 xc. A line search is then used to find a new point

 xn = xc + d ,  > 0

such that

 f ( xn)   f ( xc) +
 g T  d ,   (0, 0.5)

Finally, the optimality condition || g ( x)|| =
 is checked where  is a gradient tolerance.

When optimality is not achieved, B is updated
according to the BFGS formula

T T 

T T  Bss B yy B B s Bs y s

 


where s = xn   xc and y = g n   g c.
Another search direction is then computed to begin the next

iteration. For more details, see Dennis and Schnabel (1983,
Appendix A).
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UMIDH

Minimizes a function of N variables using a modified Newton
method and a finite-differenceHessian.

Required Arguments

FCN  — User-supplied SUBROUTINE to evaluate the
function to be minimized. The usage is

CALL FCN (N, X, F), where

N – Length of X. (Input)

X – Vector of length N at which point the function is
evaluated. (Input)

X should not be changed by FCN.

F – The computed function value at the point X.
(Output)

FCN must be declared EXTERNAL in the calling
program.

GRAD — User-supplied SUBROUTINE to compute the
gradient at the point X. The usage is

CALL GRAD (N, X, G), where

N – Length of X and G. (Input)

X – The point at which the gradient is evaluated.
(Input)

X should not be changed by GRAD.

G – The gradient evaluated at the point X. (Output)

GRAD must be declared EXTERNAL in the calling
program.

 X  — Vector of length N containing the
computed solution. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).

 XGUESS  — Vector of length N containing
initial guess. (Input)

Default: XGUESS = 0.0.

 XSCALE  — Vector of length N containing the
diagonal scaling matrix for the variables.(Input)

XSCALE is used mainly in scaling the gradient and the
distance between two points. In

the absence of other information, set all entries to 1.0.

Default: XSCALE = 1.0.
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FSCALE  — Scalar containing the function scaling.
(Input)

FSCALE is used mainly in scaling the gradient. In the
absence of other information, set

FSCALE to 1.0.

Default: FSCALE = 1.0.

 IPARAM  — Parameter vector of length 7.
(Input/Output)

Set IPARAM(1) to zero for default values of IPARAM and
RPARAM. See Comment 4.

Default: IPARAM = 0.

 RPARAM  — Parameter vector of length 7.
(Input/Output)

See Comment 4.

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMIDH (FCN, GRAD, X [,…]) 

Specific: The specific interface names are S_UMIDH and
D_UMIDH.

FORTRAN 77 Interface

Single: CALL UMIDH (FCN, GRAD, N, XGUESS, XSCALE, FSCALE,
IPARAM,RPARAM, X, FVALUE) 

Double: The double precision name is DUMIDH.

Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized. Default values for parameters are used.

USE UMIDH_INTUSE UMACH_INTINTEGER NPARAMETER (N=2)

!INTEGER IPARAM(7), L, NOUTREAL F, X(N), XGUESS(N)EXTERNAL
ROSBRK, ROSGRD

! DATA XGUESS/-1.2E0, 1.0E0/!

IPARAM(1) = 0! Minimize Rosenbrock function using! initial
guesses of -1.2 and 1.0

CALL UMIDH (ROSBRK, ROSGRD, X, XGUESS=XGUESS, IPARAM=IPARAM,
FVALUE=F)! Print results
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gradient at the solution. The final N locations contain the
Hessian at the

approximate solution.

2. Informational errors

Type Code

3 1 Both the actual and predicted relative reductions in the
function are

less than or equal to the relative function convergence
tolerance.

4 2 The iterates appear to be converging to a noncritical
point.

4 3 Maximum number of iterations exceeded.

4 4 Maximum number of function evaluations exceeded.

4 5 Maximum number of gradient evaluations exceeded.

4 6 Five consecutive steps have been taken with the maximum
step

length.

2 7 Scaled step tolerance satisfied; the current point may be
an

approximate local solution, or the algorithm is making very
slow

 progress and is not near a solution, or STEPTL is too
big.4 7 Maximum number of Hessian evaluations exceeded.

3 8 The last global step failed to locate a lower point than the
current X 

value.

3. The first stopping criterion for UMIDH occurs when the
norm of the gradient is less than

the given gradient tolerance (RPARAM(1)). The second stopping
criterion for UMIDH 

occurs when the scaled distance between the last two steps is
less than the step

tolerance (RPARAM(2)).

4. If the default parameters are desired for UMIDH, then set
IPARAM(1) to zero and call

routine UMIDH. Otherwise, if any nondefault parameters are
desired for IPARAM or

RPARAM, then the following steps should be taken before calling
UMIDH:

CALL U4INF (IPARAM, RPARAM)

Set nondefault values for desired IPARAM,
RPARAM elements.

 Note that the call to U4INF will set IPARAM and
RPARAM to their default values so only

nondefault values need to be set above.

The following is a list of the parameters and the default
values:

 IPARAM  — Integer vector of length 7.

IPARAM(1) = Initialization flag.

IPARAM(2) = Number of good digits in the function.

Default: Machine dependent.

IPARAM(3) = Maximum number of iterations.

Default: 100.
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IPARAM(4) = Maximum number of function evaluations.

Default: 400.

IPARAM(5) = Maximum number of gradient evaluations.

Default: 400.

IPARAM(6) = Hessian initialization parameter

Default: Not used in UMIDH.

IPARAM(7) = Maximum number of Hessian evaluations.

Default:100

 RPARAM  — Real vector of length 7.

RPARAM(1) = Scaled gradient tolerance.

The i-th component of the scaled gradient at x is
calculated as

*max ,1/

max ,

i i i

 s

 g x s

 f x f  

where g  =
 f  ( x), s = XSCALE,
and f  s = FSCALE.

Default:

3,    

in double where  is the machine precision.

RPARAM(2) = Scaled step tolerance. (STEPTL)

The i-th component of the scaled step between two
points x and y is computed as

max ,1/i i

i i

 x y

 x s

 

where s = XSCALE.

Default:  where  is the machine precision.

RPARAM(3) = Relative function tolerance.

Default: max(10, ), max(10, ) in double where  is the
machine precision.

RPARAM(4) = Absolute function tolerance.

Default: Not used in UMIDH.
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RPARAM(5) = False convergence tolerance.

Default: 100 where  is the machine precision.

RPARAM(6) = Maximum allowable step size.

Default: 1000 max(, ) where

2

1 1

n

i ii s t  

 

 = || s ||, s = XSCALE, and
t  = XGUESS.

RPARAM(7) = Size of initial trust region radius.

Default: Based on initial scaled Cauchy step.

If double precision is required, then DU4INF is called, and
RPARAM is declared double

 precision.

5. Users wishing to override the default print/stop attributes
associated with error

messages issued by this routine are referred to “Error Handling”
in the Introduction.

Description

The routine UMIDH uses a modified Newton method to find the
minimum of a function  f  ( x) of n 

variables. First derivatives must be provided by the user. The
algorithm computes an optimal

locally constrained step (Gay 1981) with a trust region
restriction on the step. It handles the case

that the Hessian is indefinite and provides a way to deal with
negative curvature. For moredetails, see Dennis and Schnabel (1983,
Appendix A) and Gay (1983).

Since a finite-difference method is used to estimate the Hessian
for some single precision

calculations, an inaccurate estimate of the Hessian may cause
the algorithm to terminate at a

noncritical point. In such cases, high precision arithmetic is
recommended. Also, whenever the

exact Hessian can be easily provided, IMSL routine
UMIAH (page 1213) should be used instead.

UMIAH

Minimizes a function of N variables using a modified Newton
method and a user-supplied

Hessian.

Required ArgumentsFCN  — User-supplied
SUBROUTINE to evaluate the function to be minimized. The usage
is

CALL FCN (N, X, F), where

N – Length of X. (Input)
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X – Vector of length N at which point the function is
evaluated. (Input)

X should not be changed by FCN.

F – The computed function value at the point X.
(Output)

FCN must be declared EXTERNAL in the calling
program.

GRAD — User-supplied SUBROUTINE to compute the
gradient at the point X. The usage is

CALL GRAD (N, X, G), where

N – Length of X and G. (Input)

X – Vector of length N at which point the gradient is
evaluated. (Input)

X should not be changed by GRAD.

G – The gradient evaluated at the point X. (Output)

GRAD must be declared EXTERNAL in the calling
program.

 HESS  — User-supplied SUBROUTINE to compute
the Hessian at the point X. The usage is

CALL HESS (N, X, H, LDH), where

N – Length of X. (Input)

X – Vector of length N at which point the Hessian is
evaluated. (Input)

X should not be changed by HESS.

H – The Hessian evaluated at the point X. (Output)

LDH – Leading dimension of H exactly as specified in
the dimension statement of the

calling program. LDH must be equal to N in this
routine. (Input)

HESS must be declared EXTERNAL in the calling
program.

 X  — Vector of length N containing the
computed solution. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).

 XGUESS  — Vector of length N containing
initial guess. (Input)Default: XGUESS = 0.0.

 XSCALE  — Vector of length N containing the
diagonal scaling matrix for the variables.

(Input)

XSCALE is used mainly in scaling the gradient and the
distance between two points. In
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the absence of other information, set all entries to 1.0.

Default: XSCALE = 1.0.

FSCALE  — Scalar containing the function scaling.
(Input)

FSCALE is used mainly in scaling the gradient. In the
absence of other information, set

FSCALE to 1.0.

Default: FSCALE = 1.0.

 IPARAM  — Parameter vector of length 7.
(Input/Output)

Set IPARAM(1) to zero for default values of IPARAM and
RPARAM. See Comment 4.

Default: IPARAM = 0.

 RPARAM  — Parameter vector of length 7.
(Input/Output)

See Comment 4.

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMIAH (FCN, GRAD, HESS, X,
[,…]) 

Specific: The specific interface names are S_UMIAH and
D_UMIAH.

FORTRAN 77 Interface

Single: CALL UMIAH (FCN, GRAD, HESS, N, XGUESS, XSCALE,
FSCALE,IPARAM, RPARAM, X, FVALUE) 

Double: The double precision name is DUMIAH.

Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized. Default values for parameters are used.

USE UMIAH_INTUSE UMACH_INTINTEGER NPARAMETER (N=2)

!

INTEGER IPARAM(7), L, NOUTREAL F, FSCALE, RPARAM(7), X(N),
&

XGUESS(N), XSCALE(N)EXTERNAL ROSBRK, ROSGRD, ROSHES

!DATA XGUESS/-1.2E0, 1.0E0/, XSCALE/1.0E0, 1.0E0/,
FSCALE/1.0E0/

!
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IPARAM(1) = 0! Minimize Rosenbrock function using! initial
guesses of -1.2 and 1.0

CALL UMIAH (ROSBRK, ROSGRD, ROSHES, X, XGUESS=XGUESS,
IPARAM=IPARAM, &FVALUE=F)

! Print resultsCALL UMACH (2, NOUT)WRITE (NOUT,99999) X, F,
(IPARAM(L),L=3,5), IPARAM(7)

!99999 FORMAT (’ The solution is ’, 6X, 2F8.3, //, ’ The
function ’, &

’value is ’, F8.3, //, ’ The number of iterations is ’,
&10X, I3, /, ’ The number of function evaluations is ’,
&I3, /, ’ The number of gradient evaluations is ’, I3, /,
&’ The number of Hessian evaluations is ’, I3)

!END

!SUBROUTINE ROSBRK (N, X, F)

INTEGER NREAL X(N), F

!F = 1.0E2*(X(2)-X(1)*X(1))**2 + (1.0E0-X(1))**2

!RETURNEND

!SUBROUTINE ROSGRD (N, X, G)INTEGER NREAL X(N), G(N)

!G(1) = -4.0E2*(X(2)-X(1)*X(1))*X(1) - 2.0E0*(1.0E0-X(1))G(2) =
2.0E2*(X(2)-X(1)*X(1))

!

RETURNEND

!SUBROUTINE ROSHES (N, X, H, LDH)INTEGER N, LDHREAL X(N),
H(LDH,N)

!H(1,1) = -4.0E2*X(2) + 1.2E3*X(1)*X(1) + 2.0E0H(2,1) =
-4.0E2*X(1)H(1,2) = H(2,1)H(2,2) = 2.0E2

!RETURNEND

OutputThe solution is 1.000 1.000

The function value is 0.000

The number of iterations is 21The number of function evaluations
is 31
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The number of gradient evaluations is 22The number of Hessian
evaluations is 21

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2IAH/DU2IAH. The

reference is:

CALL U2IAH (FCN, GRAD, HESS, N, XGUESS, XSCALE, FSCALE,
IPARAM,RPARAM, X, FVALUE, WK)

The additional argument is:

WK  — Work vector of length N * (N + 9).
WK contains the following information on

output: The second N locations contain the last step taken.
The third N locations

contain the last Newton step. The fourth N locations contain an
estimate of the

gradient at the solution. The final N locations contain the
Hessian at the

approximate solution.

2. Informational errors

Type Code

3 1 Both the actual and predicted relative reductions in the
function are

less than or equal to the relative function convergence
tolerance.

4 2 The iterates appear to be converging to a noncritical
point.

4 3 Maximum number of iterations exceeded.

4 4 Maximum number of function evaluations exceeded.

4 5 Maximum number of gradient evaluations exceeded.

4 6 Five consecutive steps have been taken with the maximum
step

length.

2 7 Scaled step tolerance satisfied; the current point may be
an

approximate local solution, or the algorithm is making very
slow

 progress and is not near a solution, or STEPTL is too
big.

4 7 Maximum number of Hessian evaluations exceeded.

3 8 The last global step failed to locate a lower point than the
current X 

value.

3. The first stopping criterion for UMIAH occurs when the
norm of the gradient is less than

the given gradient tolerance (RPARAM(1)). The second stopping
criterion for UMIAH 

occurs when the scaled distance between the last two steps is
less than the step

tolerance (RPARAM(2)).

4. If the default parameters are desired for UMIAH, then set
IPARAM(1) to zero and call the

routine UMIAH. Otherwise, if any nondefault parameters are
desired for IPARAM or

RPARAM, then the following steps should be taken before calling
UMIAH:

CALL U4INF (IPARAM, RPARAM)

Set nondefault values for desired IPARAM,
RPARAM elements.
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 Note that the call to U4INF will set IPARAM and
RPARAM to their default values so only

nondefault values need to be set above.

The following is a list of the parameters and the default
values:

 IPARAM  — Integer vector of length 7.

IPARAM(1) = Initialization flag.

IPARAM(2) = Number of good digits in the function.

Default: Machine dependent.

IPARAM(3) = Maximum number of iterations.

Default: 100.

IPARAM(4) = Maximum number of function evaluations.

Default: 400.

IPARAM(5) = Maximum number of gradient evaluations.

Default: 400.

IPARAM(6) = Hessian initialization parameter

Default: Not used in UMIAH.

IPARAM(7) = Maximum number of Hessian evaluations.

Default: 100.

 RPARAM  — Real vector of length 7.

RPARAM(1) = Scaled gradient tolerance.

The i-th component of the scaled gradient at x is
calculated as

max ,1/

max ,

i i i

 s

 g x s

 f x f 

 

where g  =
 f  ( x), s = XSCALE,
and f  s = FSCALE.

Default:

3,    

in double where  is the machine precision.

RPARAM(2) = Scaled step tolerance. (STEPTL)The i-th component of
the scaled step between two points x and y is
computed as

max , 1/i i

i i

 x y

 x s
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where s = XSCALE.

Default:

 where  is the machine precision.

RPARAM(3) = Relative function tolerance.

Default: max(10, ), max(10,

) in double where  is the machine precision.

RPARAM(4) = Absolute function tolerance.

Default: Not used in UMIAH.

RPARAM(5) = False convergence tolerance.

Default: 100 where  is the machine precision.

RPARAM(6) = Maximum allowable step size.

Default: 1000 max(, ) where

2

1 1

n

i ii s t  

 

 = || s ||, s = XSCALE, and
t  = XGUESS.

RPARAM(7) = Size of initial trust region radius.

Default: based on the initial scaled Cauchy step.

If double precision is required, then DU4INF is called, and
RPARAM is declared double

 precision.

5. Users wishing to override the default print/stop attributes
associated with error

messages issued by this routine are referred to “Error Handling”
in the Introduction.

Description

The routine UMIAH uses a modified Newton method to find the
minimum of a function  f ( x) of n 

variables. First and second derivatives must be provided by the
user. The algorithm computes an

optimal locally constrained step (Gay 1981) with a trust region
restriction on the step. This

algorithm handles the case where the Hessian is indefinite and
provides a way to deal with

negative curvature. For more details, see Dennis and Schnabel
(1983, Appendix A) and Gay

(1983).

UMCGF

Minimizes a function of N variables using a conjugate
gradient algorithm and a finite-difference

gradient.
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Required Arguments

FCN  — User-supplied SUBROUTINE to evaluate the
function to be minimized. The usage is

CALL FCN (N, X, F), where

N – Length of X. (Input)

X – The point at which the function is evaluated.
(Input)

X should not be changed by FCN.

F – The computed function value at the point X.
(Output)

FCN must be declared EXTERNAL in the calling
program.

 DFPRED — A rough estimate of the expected reduction
in the function. (Input)

DFPRED is used to determine the size of the initial change
to X.

 X  — Vector of length N containing the
computed solution. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).

 XGUESS  — Vector of length N containing the
initial guess of the minimum. (Input)

Default: XGUESS = 0.0.

 XSCALE  — Vector of length N containing the
diagonal scaling matrix for the variables.

(Input)

Default: XSCALE = 1.0.

GRADTL — Convergence criterion. (Input)

The calculation ends when the sum of squares of the components
of G is less than

GRADTL.

Default: GRADTL = 1.e-4.

 MAXFN  — Maximum number of function evaluations.
(Input)

If MAXFN is set to zero, then no restriction on the number
of function evaluations is set.

Default: MAXFN = 0.

G  — Vector of length N containing the components
of the gradient at the final parameter

estimates. (Output)

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMCGF (FCN, DFPRED, X [,…]) 
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Specific: The specific interface names are S_UMCGF and
D_UMCGF.

FORTRAN 77 InterfaceSingle: CALL UMCGF (FCN, N, XGUESS, XSCALE,
GRADTL, MAXFN, DFPRED,

X, G, FVALUE) 

Double: The double precision name is DUMCGF.

Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized and the solution is printed.

USE UMCGF_INTUSE UMACH_INT

! Declaration of variablesINTEGER NPARAMETER (N=2)

!INTEGER I, MAXFN, NOUTREAL DFPRED, FVALUE, G(N), GRADTL, X(N),
XGUESS(N)EXTERNAL ROSBRK

!DATA XGUESS/-1.2E0, 1.0E0/

!DFPRED = 0.2GRADTL = 1.0E-6

MAXFN = 100! Minimize the Rosenbrock functionCALL UMCGF (ROSBRK,
DFPRED, X, XGUESS=XGUESS, GRADTL=GRADTL, &

G=G, FVALUE=FVALUE)! Print the results

CALL UMACH (2, NOUT)WRITE (NOUT,99999) (X(I),I=1,N), FVALUE,
(G(I),I=1,N)

99999 FORMAT (’ The solution is ’, 2F8.3, //, ’ The function ’,
&’evaluated at the solution is ’, F8.3, //, ’ The ’,
&’gradient is ’, 2F8.3, /)

!END

!SUBROUTINE ROSBRK (N, X, F)INTEGER N

REAL X(N), F!F = 1.0E2*(X(2)-X(1)*X(1))**2 +
(1.0E0-X(1))**2RETURNEND
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OutputThe solution is 0.999 0.998

The function evaluated at the solution is 0.000

The gradient is -0.001 0.000

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2CGF/DU2CGF. The

reference is:

CALL U2CGF (FCN, N, XGUESS, XSCALE, GRADTL, MAXFN, DFPRED, X,
G,FVALUE, S, RSS, RSG, GINIT, XOPT, GOPT)

The additional arguments are as follows:

 S  — Vector of length N used for the search
direction in each iteration.

 RSS  — Vector of length N containing
conjugacy information.

 RSG  — Vector of length N containing
conjugacy information.

GINIT  — Vector of length N containing the
gradient values at the start of an iteration.

 XOPT  — Vector of length N containing the
parameter values that yield the least

calculated value for FVALUE.

GOPT  — Vector of length N containing the
gradient values that yield the least

calculated value for FVALUE.

2. Informational errors

Type Code

4 1 The line search of an integration was abandoned. This error
may be

caused by an error in gradient.

4 2 The calculation cannot continue because the search is
uphill.

4 3 The iteration was terminated because MAXFN was
exceeded.

3 4 The calculation was terminated because two consecutive
iterations

failed to reduce the function.

3. Because of the close relation between the conjugate-gradient
method and the method of

steepest descent, it is very helpful to choose the scale of the
variables in a way that

 balances the magnitudes of the components of a typical
gradient vector. It can be

 particularly inefficient if a few components of the
gradient are much larger than therest.

4. If the value of the parameter GRADTL in the argument
list of the routine is set to zero,

then the subroutine will continue its calculation until it stops
reducing the objective

function. In this case, the usual behavior is that changes in
the objective function

 become dominated by computer rounding errors before
precision is lost in the gradient
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vector. Therefore, because the point of view has been taken that
the user requires the

least possible value of the function, a value of the objective
function that is small due

to computer rounding errors can prevent further progress. Hence,
the precision in the

final values of the variables may be only about half the number
of significant digits in

the computer arithmetic, but the least value of FVALUE is
usually found to be quite

accurate.

Description

The routine UMCGF uses a conjugate gradient method to find
the minimum of a function  f  ( x) of

n variables. Only function values are required.

The routine is based on the version of the conjugate gradient
algorithm described in Powell

(1977). The main advantage of the conjugate gradient technique
is that it provides a fast rate of

convergence without the storage of any matrices. Therefore, it
is particularly suitable for

unconstrained minimization calculations where the number of
variables is so large that matrices

of dimension n cannot be stored in the main memory of the
computer. For smaller problems,however, a routine such as routine
UMINF (page 1196), is usually more efficient because each

iteration makes use of additional information from previous
iterations.

Since a finite-difference method is used to estimate the
gradient for some single precision

calculations, an inaccurate estimate of the gradient may cause
the algorithm to terminate at a

noncritical point. In such cases, high precision arithmetic is
recommended. Also, whenever the

exact gradient can be easily provided, routine UMCGG (page
1223) should be used instead.

UMCGG

Minimizes a function of N variables using a conjugate
gradient algorithm and a user-supplied

gradient.

Required Arguments

FCN  — User-supplied SUBROUTINE to evaluate the
function to be minimized. The usage is

CALL FCN (N, X, F), where

N – Length of X. (Input)

X – The point at which the function is evaluated.
(Input)

X should not be changed by FCN.

F – The computed function value at the point X.
(Output)

FCN must be declared EXTERNAL in the calling
program.

GRAD — User-supplied SUBROUTINE to compute the
gradient at the point X. The usage is

CALL GRAD (N, X, G), where

N – Length of X and G. (Input)
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X – The point at which the gradient is evaluated.
(Input)

X should not be changed by GRAD.

G – The gradient evaluated at the point X. (Output)

GRAD must be declared EXTERNAL in the calling
program.

 DFPRED — A rough estimate of the expected reduction
in the function. (Input) DFPRED is

used to determine the size of the initial change to X.

 X  — Vector of length N containing the
computed solution. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).

 XGUESS  — Vector of length N containing the
initial guess of the minimum. (Input)

Default: XGUESS = 0.0.

GRADTL — Convergence criterion. (Input)

The calculation ends when the sum of squares of the components
of G is less than

GRADTL.

Default: GRADTL = 1.e-4.

 MAXFN  — Maximum number of function evaluations.
(Input)

Default: MAXFN = 100.

G  — Vector of length N containing the components
of the gradient at the final parameterestimates. (Output)

FVALUE  — Scalar containing the value of the function
at the computed solution. (Output)

FORTRAN 90 Interface

Generic:  CALL UMCGG (FCN, GRAD, DFPRED, X
[,…]) 

Specific: The specific interface names are S_UMCGG and
D_UMCGG.

FORTRAN 77 Interface

Single: CALL UMCGG (FCN, GRAD, N, XGUESS, GRADTL, MAXFN, DFPRED,
X,G, FVALUE) 

Double: The double precision name is DUMCGG.
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Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized and the solution is printed.

USE UMCGG_INTUSE UMACH_INT

! Declaration of variablesINTEGER NPARAMETER (N=2)

!INTEGER I, NOUTREAL DFPRED, FVALUE, G(N), GRADTL, X(N),
&

XGUESS(N)EXTERNAL ROSBRK, ROSGRD

! DATA XGUESS/-1.2E0, 1.0E0/!

DFPRED = 0.2GRADTL = 1.0E-7

! Minimize the Rosenbrock functionCALL UMCGG (ROSBRK, ROSGRD,
DFPRED, X, XGUESS=XGUESS, &

GRADTL=GRADTL, G=G, FVALUE=FVALUE)! Print the results

CALL UMACH (2, NOUT)WRITE (NOUT,99999) (X(I),I=1,N), FVALUE,
(G(I),I=1,N)

99999 FORMAT (’ The solution is ’, 2F8.3, //, ’ The function ’,
&’evaluated at the solution is ’, F8.3, //, ’ The ’,
&’gradient is ’, 2F8.3, /)

!

END!SUBROUTINE ROSBRK (N, X, F)INTEGER NREAL X(N), F

!F = 1.0E2*(X(2)-X(1)*X(1))**2 + (1.0E0-X(1))**2RETURNEND

!SUBROUTINE ROSGRD (N, X, G)INTEGER NREAL X(N), G(N)

!G(1) = -4.0E2*(X(2)-X(1)*X(1))*X(1) - 2.0E0*(1.0E0-X(1))

G(2) = 2.0E2*(X(2)-X(1)*X(1))!RETURNEND
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OutputThe solution is 1.000 1.000

The function evaluated at the solution is 0.000

The gradient is 0.000 0.000

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2CGG/DU2CGG. The

reference is:

CALL U2CGG (FCN, GRAD, N, XGUESS, GRADTL, MAXFN, DFPRED, X,
G,FVALUE, S, RSS, RSG, GINIT, XOPT, GOPT)

The additional arguments are as follows:

 S  — Vector of length N used for the search
direction in each iteration.

 RSS  — Vector of length N containing
conjugacy information.

 RSG  — Vector of length N containing
conjugacy information.

GINIT  — Vector of length N containing the
gradient values at the start on an iteration.

 XOPT  — Vector of length N containing the
parameter values which yield the least

calculated value for FVALUE.

GOPT  — Vector of length N containing the gradient
values which yield the least

calculated value for FVALUE.

2. Informational errors

Type Code

4 1 The line search of an integration was abandoned. This error
may be

caused by an error in gradient.

4 2 The calculation cannot continue because the search is
uphill.

4 3 The iteration was terminated because MAXFN was
exceeded.

3 4 The calculation was terminated because two consecutive
iterations

failed to reduce the function.

3. The routine includes no thorough checks on the part of the
user program that calculates

the derivatives of the objective function. Therefore, because
derivative calculation is a

frequent source of error, the user should verify independently
the correctness of the

derivatives that are given to the routine.

4. Because of the close relation between the conjugate-gradient
method and the method of

steepest descent, it is very helpful to choose the scale of the
variables in a way that

 balances the magnitudes of the components of a typical
gradient vector. It can be

 particularly inefficient if a few components of the
gradient are much larger than the

rest.
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5. If the value of the parameter GRADTL in the argument
list of the routine is set to zero,

then the subroutine will continue its calculation until it stops
reducing the objective

function. In this case, the usual behavior is that changes in
the objective function

 become dominated by computer rounding errors before
precision is lost in the gradient

vector. Therefore, because the point of view has been taken that
the user requires the

least possible value of the function, a value of the objective
function that is small due

to computer rounding errors can prevent further progress. Hence,
the precision in the

final values of the variables may be only about half the number
of significant digits in

the computer arithmetic, but the least value of FVALUE is
usually found to be quite

accurate.

Description

The routine UMCGG uses a conjugate gradient method to find
the minimum of a function  f  ( x) of

n variables. Function values and first derivatives are
required.

The routine is based on the version of the conjugate gradient
algorithm described in Powell(1977). The main advantage of the
conjugate gradient technique is that it provides a fast rate of

convergence without the storage of any matrices. Therefore, it
is particularly suitable for

unconstrained minimization calculations where the number of
variables is so large that matrices

of dimension n cannot be stored in the main memory of the
computer. For smaller problems,

however, a subroutine such as IMSL routine UMING (page
1202), is usually more efficient

 because each iteration makes use of additional information
from previous iterations.

UMPOL

Minimizes a function of N variables using a direct search
polytope algorithm.

Required ArgumentsFCN  — User-supplied
SUBROUTINE to evaluate the function to be minimized. The usage
is

CALL FCN (N, X, F), where

N – Length of X. (Input)

X – Vector of length N at which point the function is
evaluated. (Input)

X should not be changed by FCN.

F – The computed function value at the point X. (Output)

FCN must be declared EXTERNAL in the calling
program.

 X  — Real vector of length N containing the
best estimate of the minimum found. (Output)

Optional Arguments

 N  — Dimension of the problem. (Input)

Default: N = size (X,1).
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 XGUESS  — Real vector of length N which
contains an initial guess to the minimum. (Input)

Default: XGUESS = 0.0.

 S  — On input, real scalar containing the length
of each side of the initial simplex.

(Input/Output)

If no reasonable information about S is known, S could
be set to a number less than or

equal to zero and UMPOL will generate the starting simplex
from the initial guess with a

random number generator. On output, the average distance from
the vertices to the

centroid that is taken to be the solution; see Comment 4.

Default: S = 0.0.

FTOL — First convergence criterion. (Input)

The algorithm stops when a relative error in the function values
is less than FTOL, i.e.

when (F(worst)  F(best)) < FTOL * (1 +
ABS(F(best))) where F(worst) and F(best) are

the function values of the current worst and best points,
respectively. Second

convergence criterion. The algorithm stops when the standard
deviation of the function

values at the N + 1 current points is less than FTOL. If
the subroutine terminates

 prematurely, try again with a smaller value for FTOL.

Default: FTOL = 1.e-7.

 MAXFCN  — On input, maximum allowed number of
function evaluations. (Input/ Output)

On output, actual number of function evaluations needed.

Default: MAXFCN = 200.

FVALUE  — Function value at the computed solution.
(Output)

FORTRAN 90 Interface

Generic: CALL UMPOL

 (FCN, X [,…])

 

Specific: The specific interface names are S_UMPOL and
D_UMPOL.

FORTRAN 77 Interface

Single: CALL UMPOL (FCN, N, XGUESS, S, FTOL, MAXFCN, X,
FVALUE) 

Double: The double precision name is DUMPOL.

Example 

The function

    2 22

2 1 1100 1 f x x x x  

is minimized and the solution is printed.

USE UMPOL_INTUSE UMACH_INT

! Variable declarations
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INTEGER NPARAMETER (N=2)

!

INTEGER K, NOUTREAL FTOL, FVALUE, S, X(N), XGUESS(N)EXTERNAL
FCN

!! Initializations! XGUESS = ( -1.2, 1.0)!

DATA XGUESS/-1.2, 1.0/!

FTOL = 1.0E-10S = 1.0

!CALL UMPOL (FCN, X, XGUESS=XGUESS, S=S, FTOL=FTOL,&

FVALUE=FVALUE)!

CALL UMACH (2, NOUT)WRITE (NOUT,99999) (X(K),K=1,N), FVALUE

99999 FORMAT (’ The best estimate for the minimum value of the’,
/, &’ function is X = (’, 2(2X,F4.2), ’)’, /, ’ with ’,
&’function value FVALUE = ’, E12.6)

!END

! External function to be minimizedSUBROUTINE FCN (N, X,
F)INTEGER NREAL X(N), F

!F = 100.0*(X(1)*X(1)-X(2))**2 + (1.0-X(1))**2RETURNEND

OutputThe best estimate for the minimum value of thefunction is
X = ( 1.00 1.00)with function value FVALUE = 0.502496E-10

Comments

1. Workspace may be explicitly provided, if desired, by use of
U2POL/DU2POL. The

reference is:

CALL U2POL (FCN, N, XGUESS, S, FTOL, MAXFCN, X,FVALUE, WK)

The additional argument is:

WK  — Real work vector of length N**2 + 5 * N + 1.

2. Informational error

Type Code
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4 1 Maximum number of function evaluations exceeded.

3. Since UMPOL uses only function value infor
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