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1
 Marian Mrozek
 Jagiellonian University, Kraków, [email protected]
 Computational Homology TutorialHomology Algorithms
 Computational Homology and Material Science WorkshopAtlanta, February 2, 2006
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Classical algorithm based on Smith Normal Form 2
 • The classical algorithm for computing homology is purely algebraic andbased on the Smith Diagonal Form for integer matrices.• The algorithms for finding Smith Diagonal Form evolved:– the original Smith algorithm has exponential complexity– the best known algorithms have cubical complexity• The practical value of the classical algorithm is restricted to very smallsets of tens or maybe hundreds of elements
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Reductions Algorithms 3
 • Reduction algorithms decrease the amount of data without changing thehomology.• The reduction algorithms are relatively fast.• The practical value of reduction algorithms depends on the size of thefinal set, when no more reductions can be performed.
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Reductions via Free Face Collapses 4
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Reductions via Free Face Collapses 5
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Reductions via Free Face Collapses 6
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Reductions via Free Face Collapses 7
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Reductions via Free Face Collapses 8
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Reductions via Free Face Collapses 9
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Reductions via Free Face Collapses 10
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Reductions via Free Face Collapses 11
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Reductions via Free Face Collapses 12
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Reductions via Free Face Collapses 13
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Reductions via Free Face Collapses 14
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Reduction Algorithms and their implementations 15• Free face collapses algorithm (K. Mischaikow, MM, 1993)• Algebraic elementary reductions algorithm (T. Kaczynski, MM, M. Ślu-sarek, 1998)• Geometrically controlled algebraic reductions (W.D. Kalies, K. Mischa-ikow, G. Watson, 1999)– [BK] W.D. Kalies (1999-2005, available from CHomP web page)• Acyclic intersection algorithm (P. Pilarczyk, 2001)– [PP] P. Pilarczyk (1999-2005, available from CHomP web page)• Lookup tables in dimension 3 (A. Szymczak, 2003)• Acyclic intersection algorithm via lookup tables and decision trees in di-mension 3 (M. Gameiro, W.D. Kalies, P. Pilarczyk, 2005)– [BKLT] M. Gameiro, W.D. Kalies, V. Nanda, A. Szymczak 2005• Algebraically controlled algebraic reductions (MM, M. Ślusarek, 2005)– [AR] MM, 2005• Acyclic subspace algorithm (MM, P. Pilarczyk, N. Zaremba, 2005)– [ASLT] MM, 2005– [ASPP] P. Pilarczyk, 2005• Free coface collapses algorithm (MM, B. Batko, 2005)– [CR] MM, 2005
 �

Page 16
                        

Free coface collapses algorithm 16
 • Free coface collapses algorithm is based on a very recent extension of thehomology theory of cubical sets for which the dual process of free cofacecollapses (coreductions in short) may be carried out much further thanthe process of free face reductions.• The implementation CR can find Betti numbers of 3D cubical sets ofmillions of cubes in a few seconds and Betti numbers of 4D cubical setsof hundreds of millions of cubes in a few minutes.
 CR seems to be currently the fastest available software forBetti numbers of cubical sets.
 •CR is available directly from the author ([email protected])and will be available from the ChomP page too.
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Sample computation times for a family of sets in R3 17
 Size 8296 13873 21512 31537 44272β0 1 1 1 1 1β1 150 252 392 576 810β2 125 216 343 512 729
 Betti numbers
 Size 8296 13873 21512 31537 44272PP 2.281 17.468 59.203 167.875 394.546BK 1.813 3.5 5.469 8.969 12.797BKLT 1.516 3.234 5.218 8.843 12.422ASPP 0.766 1.625 3.86 20.016 60.656ASLT 0.437 0.828 1.5 2.234 3.5CR 0.11 0.219 0.375 0.578 0.89
 Computation times in seconds�
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Sample computation times for a family of sets in R3 18
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Sample computation times for a family of sets in R3 19
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An example from Cahn-Hillard equation 20
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An example from Cahn-Hillard equation 21
 Size 86 769 439 878 1 251 973 2 726 162 5 021 994 8 392 997β0 1 2 2 2 2 1β1 9 51 156 349 656 1057β2 0 0 0 0 0 0
 Betti numbers
 Size 86 769 439 878 1 251 973 2 726 162 5 021 994 8 392 997BKLT 0.562 3.047 30.328 35.032 43.062 81.36ASPP 0.156 0.516 1.578 3.422 6.047 11.156ASLT 0.031 0.172 0.578 1.25 2.313 4.015CR 0.031 0.188 0.563 1.234 2.266 3.782
 Computation times in seconds�
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An example from Cahn-Hillard equation 22
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β1 as the function of time in Cahn-Hillard equation 23
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4D example from Cahn-Hillard equation 24
 • A four dimensional set of circa 350 000 000 cubes was obtained by glueingtogether 41 consecutive time slices from the Cahn-Hillard equation•CR algorithm needed 12 min 47 sec to find the Betti numbers
 β0 = 1β1 = 1509β2 = 0β3 = 0
 • The slice at the beginning shows β1 = 1877• The slice at the end shows β1 = 1057• Does β1 in the glued set show an average number of tunnels?
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4D example from Cahn-Hillard equation 25
 • No, it shows the number of tunnles in the starting slice mi-nus the number of tunnels which disappeared by shrinking• This gives roughly the average number of tunnels only whenthe number of mergings is roughly the same as the numberof shrinks• The fact that β2 is zero indicates that there are no tunnels,which appear and than disappear as time evolves.
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Disappearing holes 26
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Holes may merge or shrink 27
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Shrinking hole via a left mask 28
 Shrinking holes may be detected by introducing a left mask.�
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Merging holes via a right mask 29
 Merging holes may be detected by introducing a right mask.�
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4D example from Cahn-Hillard equation with left mask 30
 • After replacing the first slice by a full set in the glued example, i.e. in-troducing the left mask, CR algorithm needed 15 min 35 sec to find theBetti numbers
 β0 = 1β1 = 7β2 = 352β3 = 0
 • This indicates that 352 tunnels shrinked�
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4D example from Cahn-Hillard equation with right mask 31
 • After replacing the last slice by a full set in the glued example, i.e. intro-ducing the right mask, CR algorithm needed 13 min 4 sec to find theBetti numbers
 β0 = 1β1 = 444β2 = 0β3 = 0
 • This indicates that 444 pairs of tunnels merged• Together with the shrinked cases this explaines how circa 820 tunnelsdisappeared
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Masked example from Cahn-Hillard equation 32
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Masked example from Cahn-Hillard equation 33
 Size 98 154 491 060 1 398 580 3 025 809 5 555 708 9 254 423β0 1 3 3 3 6 4β1 60 319 902 1933 3523 5838β2 0 0 14 28 59 87
 Betti numbers
 Size 98 154 491 060 1 398 580 3 025 809 5 555 708 9 254 423BKLT 1.032 6.625 50.578 78.906 136.187 232.375ASPP 0.266 1.36 3.672 8.156 19.047 48.141ASLT 0.094 0.578 2.25 5.516 13.188 30.703CR 0.078 0.39 1.125 2.422 4.75 7.907
 Computation times in seconds�
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Masked example from Cahn-Hillard equation 34
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35
 Ratio β2/β1 in a one parameter family of masked examples fromCahn-Hillard equation
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Two cubical pairs and their homology 36
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Translation f 37
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Translation f and its homology 38
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Translation g 39
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Translation g and its homology 40
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Blood vessel analysis in medical imaging 41Joint work with A. Gryglewski and M. Żelawski
 A sample image of blood vessels on the wall of a human large intestine
 Needed: an algorithm extracting a clear black-and-white imageof the net of vessels
 �
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Simple thresholding does not work 42
 Some reasons:• Source of light localized in one point• Surface of intestine is not flat
 �
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Adaptive Thresholding based on local comparison 43
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Adaptive Thresholding based on local comparison 44
 Still not satisfactory:• Noise present• Noise causes gaps in the vessels• Some other non-vessel structures of the same color are present
 Non vessel structures�

Page 45
                        

Homological Approach 45
 • In an idealized black-and-white-image blood vessels are li-near structures belonging to large connected componentsof the black part• In an image with noise– large connected components may fall apart into smallercomponents– some components do not constitute parts of a vessel• Size of connected components is not enough to identifycomponents coming from a vessel
 �
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Vessels detection algorithm 46
 This suggests the following algorithm.(1) Let B denote the set indicated by black pixels.(2) Use relative homology to identify the union G of all small gaps betweencomponents of B
 (3) Use a mask M consisting of some vertical lines and the one-dimensionalhomology of the inclusion map
 i : B ∪G→ B ∪G ∪Mto identify the gaps G0 which are important in the reconstruction of thevessels
 (4) Use another mask N consisting of some other vertical lines and the ho-mology of the inclusion map
 i : B ∪G0 → B ∪G0 ∪Mto identify all components of one-dimensional character.
 (5) Take the union R of these components as the representation of the ves-sels.Real time computation of a mock example.
 �
 extractVeins.exe
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Blood Vessels Reconstruction 47
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Blood Vessels Reconstruction 48
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Blood Vessels Reconstruction 49
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Blood Vessels Reconstruction 50
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Blood Vessels Reconstruction 51
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Blood Vessels Reconstruction 52
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Blood Vessels Reconstruction 53
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Blood Vessels Reconstruction 54
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Blood Vessels Reconstruction 55
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Blood Vessels Reconstruction 56
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Blood Vessels Reconstruction 57
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Blood Vessels Reconstruction 58
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Blood Vessels Reconstruction 59
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Blood Vessels Reconstruction 60
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Blood Vessels Reconstruction 61
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Input and output of the mock example 62
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Blood vessels examples 63
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